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EMBEDDINGS AND CHARACTERIZATIONS OF LIPSCHITZ
SPACES
O´SCAR DOMI´NGUEZ, DOROTHEE D. HAROSKE, AND SERGEY TIKHONOV
Abstract. In this paper we give a thorough study of Lipschitz spaces. We obtain
the following new results:
(1) Sharp Jawerth-Franke-type embeddings between the Besov and Lipschitz
spaces extending the classical results for Besov and Sobolev spaces;
(2) Sharp embeddings between Lipschitz spaces with different parameters ex-
tending the Bre´zis-Wainger result;
(3) Characterizations for Lipschitz norms via Fourier transforms and wavelets;
(4) Sharp embeddings from Lipschitz spaces into Lebesgue/Lorentz–Zygmund
spaces.
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1. Introduction
The classical Ho¨lder condition
(1.1) ‖f(·+ h)− f‖Lp(Rd) ≤ C|h|α
is known to be extremely useful in a variety of questions in analysis and the PDE’s.
Embedding properties of the corresponding function space for a non-limiting parame-
ter 0 < α < 1 – the Lipschitz/Besov space – are well known and can be found in many
textbooks (see, e.g., [Tri78, Tri83, Tri01]). In the limiting case α = 1 the Lipschitz
space has been much less investigated (see [DeL]). Moreover, there is a need to study
not only the classical Lipschitz spaces but also the logarithmic Lipschitz spaces,
which are obtained by introducing an additional logarithmic majorant in (1.1). The
latter are motivated in part by the celebrated Bre´zis-Wainger inequality [BreWain],
which claims that every function f in the Sobolev space H
1+d/p
p (Rd), 1 < p <∞, is
“almost” Lipschitz-continuous in the sense that
|f(x+ h)− f(x)| ≤ C|h|| log |h||1−1/p‖f‖
H
1+d/p
p (Rd)
for all x ∈ Rd and 0 < |h| < 1/2. Taking into account that Sobolev spaces are
particular cases of the Lipschitz spaces, namely Hαp (R
d) = Lip
(α,0)
p,∞ (Rd), α > 0, the
previous inequality can be interpreted in terms of the embeddings
(1.2) Lip(1+d/p,0)p,∞ (R
d) →֒ Lip(1,−1+1/p)∞,∞ (Rd), 1 < p <∞,
(the precise definitions of function spaces will be given in Section 2). This embedding
has been extensively studied in the framework of Triebel-Lizorkin and Besov spaces
[EH99, EH00], paving the way for the nowadays well-established theory of envelopes
of function spaces (see [Tri01, Har] and the references given there).
Besides their intrinsic interest, embedding theorems for function spaces of loga-
rithmic Lipschitz type are proving useful in the theory of differential equations. For
instance, in virtue of the well-known Osgood condition, the embedding (1.2), as well
as its extensions to vector fields [Zu], is the key result to establish well-posedness
of solutions of initial value problems in critical cases. On the other hand, as can be
seen in [BCD, Section 2.11], [CSFM13a, Proposition 3.5] [CSFM13b, Lemma 3.13],
[CL, Proposition 3.3] (see also [MY]), the embeddings
(1.3) B1∞,∞(R
d) →֒ Lip(1,−1)∞,∞ (Rd) →֒ B1,−1∞,∞(Rd)
and
(1.4) B1,−1∞,∞(R
d) →֒ Lip(1,−2)∞,∞ (Rd)
play an important role in the analysis of the incompressible Euler equations and
hyperbolic operators. In particular, the left-hand side embedding in (1.3) sharpens
the widely used criterion in the PDE’s that f ∈ Lip(1,−1)∞,∞ (Rd) whenever ∇f is a
function of bounded mean oscillation (see [Cia, Theorem 3]).
Let us also mention some important problems in PDE’s which are formulated in
terms of the integral log-Lipschitz spaces Lip
(α,−b)
p,q (cf. [CGS, CL, FaZu, OR]). In
this direction, Fanelli and Zuazua [FaZu] studied the control problem in wave equa-
tions under lower smoothness assumptions. More precisely, they show the fulfillment
of observability estimates in the classical sense for coefficients in the Zygmund class
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B11,∞ (in their notation Z1) and with a finite loss of derivatives for coefficients in
Lip
(1,−1)
1,∞ and B
1,−1
1,∞ (in their notation, the spaces LL1 and LZ1, respectively). This
extends the well-known observability result for BV coefficients [FeZu]. The precise
interrelations between these function spaces will be given later.
Among many other applications of embeddings between Lipschitz spaces we high-
light the Ulyanov-type inequalities for moduli of smoothness (see [DoTi19]). This
topic is a cornerstone in the study of various problems in approximation theory
[DiTi, KoTi17] and functional analysis [Kol].
Our main goal in this paper is to present the detailed study of embedding prop-
erties of the Lipschitz spaces to fill in the gap in the existing literature. Our results
can be naturally divided into four parts.
In the first part we study embeddings between Lipschitz and Besov spaces. In
particular, in Section 4 we extend (1.3) and (1.4) to the full range of parameters.
Specifically, if α > 0, 1 < p <∞, 0 < q ≤ ∞, and b > 1/q, then
(1.5) Bα,−b+1/min{2,p,q}p,q (R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα,−b+1/max{2,p,q}p,q (Rd)
and
(1.6) B
α,−b+1/q
p,min{2,p,q}(R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα,−b+1/qp,max{2,p,q}(Rd).
It is worthwhile to mention that (1.5) and (1.6) extend the classical Besov–Sobolev
embedding (see, e.g., [Tri83, Section 2.3.2])
(1.7) Bαp,min{2,p}(R
d) →֒ Hαp (Rd) →֒ Bαp,max{2,p}(Rd).
We also investigate the limiting cases p = 1,∞. In particular, we obtain the following
embeddings
BV(Rd) →֒ B11,∞(Rd) →֒ Lip(1,−1)1,∞ (Rd) →֒ B1,−11,∞ (Rd).
These embeddings provide the connections between observability estimates for wave
equations and smoothness conditions of their coefficients in the Fanelli and Zuazua
theorem discussed above.
Moreover, we derive new embeddings of Jawerth-Franke type for Lipschitz spaces,
namely, if α > 0, 1 ≤ p0 < p < p1 ≤ ∞, 0 < q ≤ ∞, and b > 1/q, we have
(1.8)
Bα+d(1/p0−1/p),−b+1/min{p,q}p0,q (R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (Rd)
and
(1.9) B
α+d(1/p0−1/p),−b+1/q
p0,min{p,q}
(Rd) →֒ Lip(α,−b)p,q (Rd) →֒ Bα+d(1/p1−1/p),−b+1/qp1,max{p,q} (R
d).
These extend the long-established Jawerth-Franke result for Sobolev spaces [Fra,
Jaw] (cf. also [Mar] and [Vy]) given by
(1.10) Bα+d(1/p0−1/p)p0,p (R
d) →֒ Hαp (Rd) →֒ Bα+d(1/p1−1/p)p1,p (Rd).
Before proceeding further, some comments are in order. The embeddings (1.5),
(1.6), (1.8) and (1.9) reveal the importance of the parameters b and q in Lip
(α,−b)
p,q (Rd).
In particular, it is interesting to compare the embeddings
Hαp (R
d) = Lip(α,0)p,∞ (R
d) →֒ Bαp,max{2,p}(Rd),
Lip(α,−b)p,∞ (R
d) →֒ Bα,−bp,∞ (Rd), b > 0,
(1.11)
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cf. (1.7) and (1.6) correspondingly. Note that both embeddings in (1.11) are sharp,
which shows substantial differences between embedding theorems for the spaces
Lip
(α,0)
p,∞ (Rd) = Hαp (R
d) and those for Lip
(α,−b)
p,q (Rd), b > 1/q. The same comment
also applies to (1.9) and (1.10).
Our second aim is to fully characterize the embeddings between various Lipschitz
spaces, i.e.,
Lip(α0,−b0)p0,q0 (R
d) →֒ Lip(α1,−b1)p1,q1 (Rd).
This is addressed in Section 5. Among various other results, we obtain the Sobolev
type embedding with the parameters 1 < p0 < p1 < ∞ such that α0 − d/p0 =
α1 − d/p1, and 0 < q0 = q1 ≤ ∞, b0 = b1 > 1/q. More interestingly, we also deal
with the extreme cases p0 = 1 and/or p1 = ∞. In particular, setting p1 = ∞, we
extend the Bre´zis-Wainger embedding (1.2) showing that
Lip(α+d/p,−b)p,q (R
d) →֒ Lip(α,−b−1+1/p)∞,q (Rd), 1 < p <∞,
and
Lip
(k+d,−b)
1,q (R
d) →֒ Lip(k,−b)∞,q (Rd), k ∈ N.
Next, our third goal is to give a characterization of the Lipschitz spaces via
Fourier transforms (Section 6) and wavelets (Section 7). We show that the truncated
square function ( k∑
j=0
2jβ2|(ϕj f̂)∨(x)|2
)1/2
, x ∈ Rd, k ≥ 0,
can be used to develop a unified treatment of function spaces which includes Besov,
Sobolev, Lebesgue and Lipschitz spaces. To be more precise, we prove that the
family of norms given by ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
2jβ2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q , β ≥ α,
allows us to characterize Besov spaces (β > α), Lipschitz spaces (β = α), Lebesgue
spaces (β = α = 0, q = ∞ and b = 0), and Sobolev spaces (β = α, q = ∞ and
b = 0). Furthermore, a similar result holds when the Fourier decompositions of f
are replaced by wavelet decompositions.
Later, in Section 8 we give the characterizations of Lipschitz spaces for two im-
portant classes of functions: trigonometric series with lacunary Fourier coefficients
and functions with monotone-type Fourier transform. These characterizations pro-
vide us simple criteria to determine whether a given function belongs to a Lipschitz
space. Consequently, we are able to obtain sharpness statements for all the men-
tioned above embeddings in the full range of parameters. These sharpness results
will be given in Section 9.
Finally, our last aim in this paper is to derive new sharp embeddings of the
following type: Lip
(α,−b)
p,q (Rd) →֒ X, where X is a Lebesgue space, or more generally,
a Lorentz–Zygmund space. See Section 10. As an example of an embedding of this
type we mention the remarkable Cheeger’s estimate and concentration inequalities
(cf. [AiMaSh], [Led] and [MM10]).
EMBEDDINGS AND CHARACTERIZATIONS OF LIPSCHITZ SPACES 5
Concluding the introduction, we briefly present one of the novel ideas to inves-
tigate the structure of the Lipschitz spaces. Using the fact that Lipschitz spaces
can be characterized as limiting interpolation spaces between classical Lebesgue and
Sobolev spaces, i.e.,
(1.12) Lip(α,−b)p,q (R
d) = (Lp(R
d),Hαp (R
d))(1,−b),q,
we employ the machinery of limiting interpolation with θ = 1 (see [CFKU, EO,
EOP, GoOT]) to transfer properties from Hαp (R
d) to Lip
(α,−b)
p,q (Rd).
It is worth mentioning that a similar approach with θ = 0 was applied in the
study of Besov spaces with smoothness close to zero (cf. [CDT, DoTi18]):
(1.13) B0,bp,q(R
d) = (Lp(R
d),Hαp (R
d))(0,b),q ,
where B0,bp,q(Rd) is the Besov space with the logarithmic smoothness b. However, there
is a fundamental difference in applications of (1.12) and (1.13) due to the fact that
Lipschitz and Besov spaces have a completely different structure. For instance, a
crucial step in the proofs of the wavelet/Fourier-analytical descriptions of the spaces
B0,bp,q(Rd) (cf. [CDT, Theorems 4.3 and 5.5]) is the fact that these spaces can be
characterized via approximation processes. Such characterization fails to be true for
Lipschitz spaces and this forces us to apply more sophisticated limiting interpolation
arguments.
We collect the necessary background in interpolation theory in Section 2 and
give some auxiliary interpolation results in Section 3. Some of them are interest-
ing in themselves. For instance, we show that the scale of Lipschitz spaces with
fixed integrability is stable under interpolation (see Lemma 3.6). Furthermore, our
interpolation-based method also works with Lipschitz spaces formed by periodic
functions.
2. Preliminaries
2.1. Function spaces. Let S(Rd) and S ′(Rd) be the Schwartz space of all complex-
valued rapidly decreasing infinitely differentiable functions on Rd, and the space of
tempered distributions on Rd, respectively. The Fourier transform of f ∈ S(Rd) is
defined by
f̂(ξ) = (2π)−d/2
∫
Rd
f(x)e−ix·ξ dx, ξ ∈ Rd,
where x · ξ =∑dj=1 xjξj , and the inverse Fourier transform is given by
f∨(ξ) = (2π)−d/2
∫
Rd
f(x)eix·ξ dx.
These operators are extended to S ′(Rd) in the usual way.
Let −∞ < α < ∞ and 1 < p < ∞. The (fractional) Sobolev space (also called,
Bessel potential space) Hαp (R
d) is the set of all f ∈ Lp(Rd) such that
‖f‖Hαp (Rd) = ‖((1 + |x|2)α/2f̂)∨‖Lp(Rd) <∞.
Note that H0p(R
d) = Lp(R
d) and Hkp (R
d) = W kp (R
d), k ∈ N, the classical Sobolev
space.
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Let 1 ≤ p ≤ ∞, 0 < q ≤ ∞ and −∞ < s, b < ∞. The Besov space Bs,bp,q(Rd) is
formed by all f ∈ S ′(Rd) having a finite quasi-norm
(2.1) ‖f‖
Bs,bp,q(Rd)
=
 ∞∑
j=0
(2js(1 + j)b‖(ϕj f̂)∨‖Lp(Rd))q
1/q .
Here, (ϕj)
∞
j=0 is the usual smooth dyadic resolution of unity in R
d. For further
details on these spaces, we refer the reader to [ET98, ET99, FL, KL, Leo, Mou].
Note that if b = 0 in Bs,bp,q(Rd) then we get the classical Besov spaces Bsp,q(R
d).
We also mention that the quasi-norm (2.1) can be used to introduce Bs,bp,q(Rd) for
0 < p ≤ ∞.
For α > 0 and h ∈ Rd, we let
∆αhf(x) =
∞∑
j=0
(−1)j
(
α
j
)
f(x+ (α− j)h), x ∈ Rd,
where
(α
j
)
= α(α−1)...(α−j+1)j! ,
(α
0
)
= 1. We denote by ωα(f, t)p the modulus of
smoothness of fractional order α of f ∈ Lp(Rd) which is given by
ωα(f, t)p = sup
|h|≤t
‖∆αhf‖Lp(Rd), t > 0.
Clearly, if α ∈ N then we recover the classical modulus of smoothness.
It is well known that Besov spaces with positive smoothness can be characterized
through moduli of smoothness. See, e.g., [Tri83, Section 2.5.12] and [HarMou04,
Theorem 2.5]. Assume 0 < s < α. Then,
(2.2) ‖f‖
Bs,bp,q(Rd)
≍ ‖f‖Lp(Rd) +
( ∫ 1
0
(t−s(1− log t)bωα(f, t)p)q dt
t
)1/q
(if q =∞, then the integral should be replaced by the appropriate supremum).
Let α > 0, 1 ≤ p ≤ ∞, 0 < q ≤ ∞, and −∞ < b <∞. The logarithmic Lipschitz
space Lip
(α,−b)
p,q (Rd) is the collection of all f ∈ Lp(Rd) such that
(2.3) ‖f‖
Lip
(α,−b)
p,q (Rd)
= ‖f‖Lp(Rd) +
(∫ 1
0
(t−α(1− log t)−bωα(f, t)p)q dt
t
)1/q
<∞
(with the usual modification if q = ∞). We shall assume that b > 1/q (b ≥ 0
if q = ∞). Otherwise, Lip(α,−b)p,q (Rd) = {0}. Setting α = 1 we obtain the spaces
Lip
(1,−b)
p,q (Rd) studied in detail in [Har]. See also the paper [Jan] by Janson for a
thorough study of (generalized) Lipschitz spaces. The reader is advised to take
care that the spaces Lip
(α,−b)
∞,q (Rd), 0 < α < 1, endowed with (2.3) differ from those
considered by Haroske [Har]. To be more precise, in our notation the Lipschitz-type
spaces introduced in [Har, Definition 2.26] coincide with Bα,−b∞,q (Rd) (see (2.2)).
If p = q = ∞, α = 1 and b = 0 in Lip(α,−b)p,q (Rd) then we obtain the classical
Lipschitz spaces Lip(Rd) formed by all f ∈ L∞(Rd) such that
(2.4) ‖f‖Lip(Rd) = ‖f‖L∞(Rd) + sup
0<|x−y|<1
|f(x)− f(y)|
|x− y| .
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More generally, Lip
(k,0)
∞,∞(Rd) = Lip
k(Rd) where Lip1(Rd) = Lip(Rd) and
‖f‖Lipk(Rd) ≍
∑
|β|≤k−1
‖Dβf‖Lip(Rd), k ≥ 2.
See [DoTi18, Lemma 14.5].
If p = 1, q =∞, α = 1 and b = 0 then we recover BV(Rd), the space of integrable
functions of bounded variation. More generally, we can deal with spaces of primitives
of functions of bounded variation. That is, setting α = k ∈ N we get BVk−1(Rd)
where
(2.5) BV0(Rd) = BV(Rd) = Lip
(1,0)
1,∞ (R
d),
and
‖f‖BVk(Rd) =
∑
|β|≤k
‖Dβf‖BV(Rd), k ≥ 1.
See [DoTi18, Lemma 14.5].
Moreover, the space Hαp (R
d) is a special case of Lipschitz spaces, since
(2.6) Lip(α,0)p,∞ (R
d) = Hαp (R
d), α > 0, 1 < p <∞;
see, e.g., [Wi1, Corollary 10].
Analogously, one can introduce the periodic counterparts Hαp (T
d), Bs,bp,q(Td), and
Lip
(α,−b)
p,q (Td).
Throughout the paper, we use the notation F . G with F,G ≥ 0 for the estimate
F ≤ C G, where C is a positive constant independent of the essential variables in
F and G. If F . G . F , we write F ≍ G and say that F is equivalent to G.
2.2. Limiting interpolation. Let (A0, A1) be an ordered couple of quasi-Banach
spaces, that is, A1 →֒ A0. The Peetre K-functional is defined by
(2.7) K(t, f) = K(t, f ;A0, A1) = inf
f1∈A1
(‖f − f1‖A0 + t‖f1‖A1), t > 0, f ∈ A0.
Let 0 < θ < 1,−∞ < b < ∞, and 0 < q ≤ ∞. The logarithmic interpolation
space (A0, A1)θ,q;b is the set formed by all f ∈ A0 such that
(2.8) ‖f‖(A0,A1)θ,q;b =
(∫ ∞
0
(t−θ(1 + | log t|)bK(t, f))q dt
t
)1/q
<∞
(appropriately modified if q = ∞). For further details and properties, we refer
to [Gu]. In particular, if b = 0 in (A0, A1)θ,q;b then we obtain the classical real
interpolation space (A0, A1)θ,q; see [BS, BL, Tri78].
The interpolation properties of Besov spaces of generalized smoothness were in-
vestigated by Cobos and Ferna´ndez [CF]. For later use, we record some interpolation
formulas obtained in [CF, Theorem 5.3]. Let 1 ≤ p ≤ ∞, 0 < q0, q1, q ≤ ∞,−∞ <
s0 6= s1 < ∞,−∞ < b0, b1, α < ∞ and 0 < θ < 1. Put s = (1 − θ)s0 + θs1, and
b = (1− θ)b0 + θb1. Then, we have
(2.9) (Bs0,b0p,q0 (R
d), Bs1,b1p,q1 (R
d))θ,q;α = B
s,b+α
p,q (R
d)
and
(2.10) (Hs0p (R
d),Hs1p (R
d))θ,q;α = B
s,α
p,q (R
d).
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In particular, if b0 = b1 = α = 0 in (2.9) then
(2.11) (Bs0p,q0(R
d), Bs1p,q1(R
d))θ,q = B
s
p,q(R
d);
see also [Tri78, Section 2.4.1, pages 181–184] and [BS, Section 5, Theorem 4.17, page
343]. On the other hand, setting s0 = 0 and s1 > 0 in (2.10),
(2.12) (Lp(R
d),Hs1p (R
d))θ,q;α = B
θs1,α
p,q (R
d).
For the extensions of (2.10) and (2.12) to Triebel-Lizorkin spaces of generalized
smoothness, we refer the reader to [CF].
The corresponding formulas for periodic Besov spaces also hold true.
Since A1 →֒ A0, it is not hard to check that K(t, f) ≍ ‖f‖A0 for t > 1. Conse-
quently, we have
‖f‖(A0,A1)θ,q;b ≍
(∫ 1
0
(t−θ(1 + | log t|)bK(t, f))q dt
t
)1/q
.
This fact together with the finer tuning given by logarithmic weights allows us to
introduce limiting interpolation spaces with θ = 1. Namely, the space (A0, A1)(1,b),q
is the collection of all f ∈ A0 for which
(2.13) ‖f‖(A0,A1)(1,b),q =
(∫ 1
0
(t−1(1 + | log t|)bK(t, f))q dt
t
)1/q
<∞.
See [EO], [EOP], [GoOT] and [CFKU]. Note that this space becomes trivial if
b ≥ −1/q (b > 0 if q =∞). Then, we shall assume that b < −1/q (b ≤ 0 if q =∞).
Lipschitz spaces Lip
(α,−b)
p,q (Rd), 1 < p < ∞, can be characterized as limiting
interpolation spaces between Lp(Rd) and Hαp (R
d). Indeed, if 1 < p <∞ then
(2.14) K(tα, f ;Lp(R
d),Hαp (R
d)) ≍ tα‖f‖Lp(Rd) + ωα(f, t)p, 0 < t < 1
(see [Wi1, (4.2)]), which yields that
(2.15) (Lp(R
d),Hαp (R
d))(1,−b),q = Lip
(α,−b)
p,q (R
d).
The corresponding formula for periodic spaces also holds true (see [Wi2, (21)]).
Here it is important to mention that (2.14) and (2.15) can be extended to cover the
extreme cases p = 1,∞. This can be done with the help of the Sobolev-type spaces
Hαp (Rd), α > 0, 1 ≤ p ≤ ∞, defined by
Hαp (Rd) = {f ∈ Lp(Rd) : ‖f‖Hαp (Rd) = ‖f‖Lp(Rd) + sup
ζ∈Rd,|ζ|=1
‖Dαζ f‖Lp(Rd) <∞}
were, Dαζ f(x) = ((iξ · ζ)αf̂(ξ))∨(x). Note that Hαp (Rd) = Hαp (Rd) if 1 < p < ∞. It
was shown in [KoTi19b, Property 13] that
K(tα, f ;Lp(R
d),Hαp (Rd)) ≍ tα‖f‖Lp(Rd) + ωα(f, t)p, 1 ≤ p ≤ ∞,
and thus
(2.16) (Lp(R
d),Hαp (Rd))(1,−b),q = Lip(α,−b)p,q (Rd), 1 ≤ p ≤ ∞.
The periodic counterpart of the latter formula also holds true.
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Furthermore, it is well known that the corresponding results for the classical
Sobolev spaces W kp (R
d) also hold true if p = 1,∞ (see [BS, Chapter 5, Theorem
4.12]). More precisely, if k ∈ N and 1 ≤ p ≤ ∞ then
K(tk, f ;Lp(R
d),W kp (R
d)) ≍ tk‖f‖Lp(Rd) + ωk(f, t)p, 0 < t < 1,
and so
(2.17) (Lp(R
d),W kp (R
d))(1,−b),q = Lip
(k,−b)
p,q (R
d).
The latter is the limiting version of the well-known interpolation formula for Besov
spaces
(2.18) (Lp(R
d),W kp (R
d))θ,q;−b = B
θk,−b
p,q (R
d).
The following reiteration formulas for classical and limiting interpolation meth-
ods will be useful later. Let 0 < θ < 1, 0 < p, q, q0, q1 ≤ ∞, b < −1/q, and
b0 + 1/q0 < b1 + 1/q1 < 0. Then,
(2.19) (A0, A1)θ,q;b+1/min{p,q} →֒ (A0, (A0, A1)θ,p)(1,b),q →֒ (A0, A1)θ,q;b+1/max{p,q};
(2.20) (A0, (A0, A1)(1,b),q)θ,p = (A0, A1)θ,p;θ(b+1/q);
(2.21) ((A0, A1)θ,p, A1)(1,b),q = (A0, A1)(1,b),q;
(2.22)
((A0, A1)(1,b0),q0 , (A0, A1)(1,b1),q1)θ,p = (A0, A1)(1,(1−θ)(b0+1/q0)+θ(b1+1/q1)−1/p),p.
See [EO, Theorem 4.7*+], [EOP, Theorems 7.1(v), 7.4* and Corollary 7.11] and
[CD15a, Lemma 2.5(a)].
3. Interpolation lemmas
In this section we show some interpolation lemmas that will be useful in forth-
coming considerations. Our first result concerns the limiting interpolation of vector-
valued sequence spaces ℓp(Aj). Before we state it, let us recall some notation. Let
N0 = N ∪ {0} and 0 < p ≤ ∞. If (λj)j∈N0 is a sequence of positive numbers
and (Aj)j∈N0 is a sequence of quasi-Banach spaces, by ℓp(λjAj) we mean the space
formed by all vector-valued sequences a = (aj)j∈N0 with aj ∈ Aj endowed with the
quasi-norm
‖a‖ℓp(λjAj) =
 ∞∑
j=0
λpj‖aj‖pAj
1/p
(where the sum should be replaced by the sup if p =∞).
Working with vector-valued sequence spaces, it is convenient to introduce the
so called Kp-functional (cf. [BL, page 75]). For 0 < p ≤ ∞, the Kp-functional is
defined by
Kp(t, f) = Kp(t, f ;A0, A1) = inf
f1∈A1
(‖f − f1‖pA0 + tp‖f1‖
p
A1
)1/p.
Note that if p = 1 then we obtain the usual K-functional (2.7). In general, we have
(3.1) Kp(t, f) ≍ K(t, f)
where the equivalence constants only depend on p.
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Lemma 3.1. Let 0 < p, q ≤ ∞, b < −1/q (b ≤ 0 if q =∞) and let (Aj)j∈N0 , (Bj)j∈N0
be sequences of quasi-Banach spaces such that Bj →֒ Aj uniformly with respect to j.
Then,
(3.2) ℓmin{p,q}((Aj , Bj)(1,b),q) →֒ (ℓp(Aj), ℓp(Bj))(1,b),q →֒ ℓmax{p,q}((Aj , Bj)(1,b),q).
Remark 3.2. The assumption supj∈N0 sup‖a‖Bj≤1
‖a‖Aj <∞ ensures that ℓp(Bj) →֒
ℓp(Aj).
Proof of Lemma 3.1. Let a = (aj)j∈N0 . Assume, for convenience, p < ∞, the case
p =∞ can be done similarly. Elementary computations lead to
Kp(t, a; ℓp(Aj), ℓp(Bj)) =
 ∞∑
j=0
Kp(t, aj ;Aj , Bj)
p
1/p .
Then, by (2.13) and (3.1),
‖a‖(ℓp(Aj),ℓp(Bj ))(1,b),q ≍
∫ 1
0
 ∞∑
j=0
(t−1(1− log t)bKp(t, aj ;Aj , Bj))p
q/p dt
t

1/q
.
Suppose now that q ≥ p. Then, applying Minkowski’s inequality, we have
‖a‖(ℓp(Aj),ℓp(Bj ))(1,b),q .
 ∞∑
j=0
(∫ 1
0
t−q(1− log t)bqKp(t, aj ;Aj , Bj)q dt
t
)p/q1/p
≍
 ∞∑
j=0
‖aj‖p(Aj ,Bj)(1,b),q
1/p = ‖a‖ℓp((Aj ,Bj)(1,b),q).
On the other hand, if q < p then
‖a‖(ℓp(Aj),ℓp(Bj))(1,b),q .
∫ 1
0
∞∑
j=0
(t−1(1− log t)bKp(t, aj ;Aj , Bj))q dt
t
1/q
≍
 ∞∑
j=0
‖aj‖q(Aj ,Bj)(1,b),q
1/q = ‖a‖ℓq((Aj ,Bj)(1,b),q).
This finishes the proof of the left-hand side embedding in (3.2). The proof of the
right-hand side embedding is similar. Further details are left to the reader.

As usual, given λ > 0, we denote by λA the space A equipped with the quasi-
norm
‖a‖λA = λ‖a‖A, a ∈ A.
Lemma 3.3. Let λ > 0 and let (A0, A1) be a couple of quasi-Banach spaces with
A1 →֒ A0. If 0 < q ≤ ∞ and b < −1/q (b ≤ 0 if q =∞) then
(3.3) (λA0, λA1)(1,b),q = λ(A0, A1)(1,−b),q
with equivalence constants which are independent of λ.
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Proof. Clearly, K(t, a;λA0, λA1) = λK(t, a;A0, A1). Then, (3.3) follows. 
Lemma 3.4. Let λ ≥ 1 and let A be a quasi-Banach space. If 0 < q ≤ ∞ and
b < −1/q (b ≤ 0 if q =∞) then
(3.4) (A,λA)(1,b),q = λ(1 + log λ)
b+1/qA
with equivalence constants which are independent of λ.
Proof. Since K(t, a;A,λA) = min{1, tλ}‖a‖A, we obtain
‖a‖(A,λA)(1,b),q =
(∫ 1
0
(t−1(1− log t)bmin{1, tλ})q dt
t
)1/q
‖a‖A.
Assume q <∞. We have(∫ 1
0
(t−1(1− log t)bmin{1, tλ})q dt
t
)1/q
≍
(∫ 1/λ
0
(1− log t)bq dt
t
)1/q
λ+
(∫ ∞
1/λ
t−q(1− log t)bq dt
t
)1/q
≍ λ(1 + log λ)b+1/q
because b+ 1/q < 0. This gives the desired equivalence (3.4).
The case q =∞ is easier and we omit further details. 
Before going further, we recall the definitions of some vector-valued spaces that
we shall use in the sequel.
Let A be a Banach space. Let −∞ < α < ∞ and 0 < r ≤ ∞. We denote by
ℓαr (N0;A) = ℓ
α
r (A) the space formed by all sequences x = (xj)j∈N0 with xj ∈ A such
that
(3.5) ‖x‖ℓαr (A) =
 ∞∑
j=0
2jαr‖xj‖rA
1/r <∞
(with the usual modification if r =∞).
If 1 ≤ p ≤ ∞ then Lp(Rd;A) is the usual vector-valued Lebesgue space in the
sense of the Bochner integral, that is, the set formed by all strongly measurable
functions f : Rd → A for which
‖f‖Lp(Rd;A) =
(∫
Rd
‖f(x)‖pA dx
)1/p
<∞.
Our next result provides a characterization of the limiting interpolation space
with θ = 1 with respect to the couple formed by the vector-valued Lebesgue spaces
(Lp(R
d; ℓr(A)), Lp(R
d; ℓαr (A))).
Lemma 3.5. Let α > 0, 1 ≤ p, r ≤ ∞, 0 < q ≤ ∞, and b > 1/q (b ≥ 0 if q = ∞).
Let A be a Banach space. Then,
(3.6)
‖(fj)‖(Lp(Rd;ℓr(A)),Lp(Rd;ℓαr (A)))(1,−b),q ≍
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
2jαr‖fj(·)‖rA
)1/r∥∥∥q
Lp(Rd)
1/q .
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The corresponding result for periodic functions also holds true.
Proof. We start by computing theK-functional for the couple (Lp(R
d; ℓr(A)), Lp(R
d; ℓαr (A))).
Let k ∈ N0. We claim that
K(2−kα, (fj);Lp(R
d; ℓr(A)), Lp(R
d; ℓαr (A)))
≍
∥∥∥( ∞∑
j=k
‖fj(·)‖rA
)1/r∥∥∥
Lp(Rd)
+ 2−kα
∥∥∥( k∑
j=0
2jαr‖fj(·)‖rA
)1/r∥∥∥
Lp(Rd)
.(3.7)
Indeed, straightforward computations show that
K(t, f ;Lp(R
d;A0), Lp(R
d;A1)) ≍
(∫
Rd
K(t, f(x);A0, A1)
p dx
)1/p
for any Banach couple (A0, A1) and
K(t, (xj); ℓr(A), ℓ
α
r (A)) ≍
 ∞∑
j=0
(min{1, t2jα}‖xj‖A)r
1/r ,
which implies (3.7). It follows from (3.7) that
‖(fj)‖(Lp(Rd;ℓr(A)),Lp(Rd;ℓαr (A)))(1,−b),q
≍
(
∞∑
k=0
2kαq(1 + k)−bqK(2−kα, (fj);Lp(R
d; ℓr(A)), Lp(R
d; ℓαr (A)))
q
)1/q
≍
 ∞∑
k=0
2kαq(1 + k)−bq
∥∥∥( ∞∑
j=k
‖fj(·)‖rA
)1/r∥∥∥q
Lp(Rd)
1/q
+
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
2jαr‖fj(·)‖rA
)1/r∥∥∥q
Lp(Rd)
1/q
= I + II.
Hence, to get (3.6) it will be enough to show that I . II. Let us distinguish two
possible cases.
Case 1: Assume p ≥ r. For k ∈ N0, we apply Minkowski’s inequality to obtain
∥∥∥( ∞∑
j=k
‖fj(·)‖rA
)1/r∥∥∥
Lp(Rd)
≤
 ∞∑
j=k
‖fj‖rLp(Rd;A)
1/r
and so,
(3.8) I ≤
 ∞∑
k=0
2kαq(1 + k)−bq
 ∞∑
j=k
‖fj‖rLp(Rd;A)
q/r

1/q
.
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If q ≥ r then we apply Hardy’s inequality to get
I .
(
∞∑
k=0
2kαq(1 + k)−bq‖fk‖qLp(Rd;A)
)1/q
≤ II.
Assume now that q < r. Then, by (3.8) and changing the order of summation,
we have
I ≤
 ∞∑
k=0
2kαq(1 + k)−bq
∞∑
j=k
‖fj‖qLp(Rd;A)
1/q
≍
 ∞∑
j=0
2jαq(1 + j)−bq‖fj‖qLp(Rd;A)
1/q ≤ II.
Case 2: Assume p < r. Then,
I ≤
 ∞∑
k=0
2kαq(1 + k)−bq
 ∞∑
j=k
‖fj‖pLp(Rd;A)
q/p

1/q
Let q ≥ p. Invoking Hardy’s inequality,
I .
(
∞∑
k=0
2kαq(1 + k)−bq‖fk‖qLp(Rd;A)
)1/q
≤ II.
On the other hand, if q < p then
I ≤
 ∞∑
k=0
2kαq(1 + k)−bq
∞∑
j=k
‖fj‖qLp(Rd;A)
1/q . II.

The following result, which is interesting by its own sake, shows that the scale of
Lipschitz spaces is closed under real interpolation. Namely, we obtain the following
Lemma 3.6. Let α > 0, 1 ≤ p ≤ ∞, 0 < q, q0, q1 ≤ ∞, 0 < θ < 1, and b0 − 1/q0 >
b1 − 1/q1 > 0. Then,
(Lip(α,−b0)p,q0 (R
d),Lip(α,−b1)p,q1 (R
d))θ,q = Lip
(α,−b)
p,q (R
d)
where b− 1/q = (1− θ)(b0 − 1/q0) + θ(b1 − 1/q1).
The corresponding result for periodic spaces also holds true.
Proof. By (2.16),
Lip(α,−bi)p,qi (R
d) = (Lp(R
d),Hαp (Rd))(1,−bi),qi , i = 0, 1.
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Applying now (2.22), we have
(Lip(α,−b0)p,q0 (R
d),Lip(α,−b1)p,q1 (R
d))θ,q
= ((Lp(R
d),Hαp (Rd))(1,−b0),q0 , (Lp(Rd),Hαp (Rd))(1,−b1),q1)θ,q
= (Lp(R
d),Hαp (Rd))(1,−((1−θ)(b0−1/q0)+θ(b1−1/q1)+1/q)),q
= Lip(α,−b)p,q (R
d),
where we have used (2.16) in the last step.

4. Interrelations between Lipschitz and Besov spaces
The goal of this section is to show that Lipschitz spaces are closely related
to Besov spaces. Specifically, we are interested in the relationships between the
spaces Lip
(α,−b)
p,q (Rd) and B
α0,−c
p0,r (R
d) with constant differential dimension, that is,
α − d/p = α0 − d/p0. Firstly, we shall study the case p = p0 (or equivalently,
α = α0), i.e., embeddings between Lip
(α,−b)
p,q (Rd) and B
α,−c
p,r (Rd) (see Theorem 4.1).
Secondly, we shall deal with Jawerth-Franke embeddings, that is, embeddings be-
tween Lip
(α,−b)
p,q (Rd) and B
α0,−c
p0,r (R
d) with α− d/p = α0− d/p0, p 6= p0 (see Theorem
4.4).
4.1. Embeddings between Lipschitz and Besov spaces with fixed integra-
bility. It is well known that
(4.1)
Bαp,min{2,p}(R
d) →֒ Hαp (Rd) →֒ Bαp,max{2,p}(Rd), −∞ < α <∞, 1 < p <∞;
see, e.g., [Tri83, Section 2.3.2]. Note that these embeddings can be rewritten in
terms of Lipschitz spaces as
(4.2) Bαp,min{2,p}(R
d) →֒ Lip(α,0)p,∞ (Rd) →֒ Bαp,max{2,p}(Rd), α > 0
(see (2.6)).
Our next result establishes the counterparts of (4.2) for the Lipschitz spaces
Lip
(α,−b)
p,q (Rd), b > 1/q.
Theorem 4.1. Let α > 0, 1 < p <∞, 0 < q ≤ ∞, and b > 1/q. Then, we have
(4.3) Bα,−b+1/min{2,p,q}p,q (R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα,−b+1/max{2,p,q}p,q (Rd)
and
(4.4) B
α,−b+1/q
p,min{2,p,q}(R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα,−b+1/qp,max{2,p,q}(Rd).
In particular,
Lip
(α,−b)
2,2 (R
d) = B
α,−b+1/2
2,2 (R
d), b > 1/2.
The corresponding embeddings for periodic spaces also hold true.
Remark 4.2.
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(i) The left-hand side embeddings of (4.3) and (4.4) coincide if q = min{2, p, q}.
However, in general, these embeddings are independent of each other. For
instance, assume that either q > 2 or q > p. Then, we have
Bα,−b+1/min{2,p}p,q (R
d) 6⊆ Bα,−b+1/qp,min{2,p}(Rd)
and
B
α,−b+1/q
p,min{2,p}(R
d) 6⊆ Bα,−b+1/min{2,p}p,q (Rd);
see [Leo, Theorem 1] and [DoTi18, Proposition 6.1]. The corresponding com-
ment also applies to the right-hand side embeddings of (4.3) and (4.4).
(ii) The special case α = 1 in (4.3) was already shown in [CD15b, Theorem 5.2]. On
the other hand, (4.4) with α = 1 improves the following chain of embeddings
given in [Har, (7.59) and (7.61)]
B
1,−b+1/q
p,min{1,q}(R
d) →֒ Lip(1,−b)p,q (Rd) →֒ B1,−b+1/qp,∞ (Rd)
because
B
1,−b+1/q
p,min{1,q}(R
d) →֒ B1,−b+1/qp,min{2,p,q}(Rd), B
1,−b+1/q
p,min{1,q}(R
d) 6= B1,−b+1/qp,min{2,p,q}(Rd) if q > 1,
and
B
1,−b+1/q
p,max{2,p,q}
(Rd) →֒ B1,−b+1/qp,∞ (Rd), B1,−b+1/qp,max{2,p,q}(Rd) 6= B1,−b+1/qp,∞ (Rd) if q <∞.
(iii) If q =∞ in (4.4) then
(4.5) Bα,−bp,min{2,p}(R
d) →֒ Lip(α,−b)p,∞ (Rd) →֒ Bα,−bp,∞ (Rd), b > 0.
Comparing the right-hand side embeddings of (4.2) and (4.5), one can observe
the significant role played by logarithmic smoothness in the fine indices of Besov
spaces. Furthermore, we will see in Theorem 9.4 below that Lip
(α,−b)
p,∞ (Rd) →֒
Bα,−bp,∞ (Rd) is optimal, in the sense that one cannot replace the target space
Bα,−bp,∞ (Rd) by B
α,−b
p,r (Rd), r <∞.
(iv) In the limiting cases p = 1 and p = ∞ analogues of (4.3) and (4.4) read as
follows:
Bα,−b+1/min{1,q}p,q (R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα,−bp,q (Rd)
and
B
α,−b+1/q
p,min{1,q}(R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα,−b+1/qp,∞ (Rd).
See [Har, Corollary 7.20] for the case α = 1.
Proof of Theorem 4.1. Applying the interpolation property of the limiting interpo-
lation method with θ = 1 (see (2.13)) to the embeddings (4.1), we obtain
(B0p,min{2,p}(R
d), Bαp,min{2,p}(R
d))(1,−b),q →֒ (Lp(Rd),Hαp (Rd))(1,−b),q
→֒ (B0p,max{2,p}(Rd), Bαp,max{2,p}(Rd))(1,−b),q
and then, by (2.15),
(B0p,min{2,p}(R
d), Bαp,min{2,p}(R
d))(1,−b),q →֒ Lip(α,−b)p,q (Rd)
→֒ (B0p,max{2,p}(Rd), Bαp,max{2,p}(Rd))(1,−b),q.(4.6)
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Next we show that
(4.7)
Bα,−b+1/min{2,p,q}p,q (R
d)+B
α,−b+1/q
p,min{2,p,q}(R
d) →֒ (B0p,min{2,p}(Rd), Bαp,min{2,p}(Rd))(1,−b),q.
Let α0 be such that α0 > α and set θ = α/α0. By (2.11),
(4.8) (B0p,r(R
d), Bα0p,r(R
d))θ,r = B
α
p,r(R
d), 0 < r ≤ ∞.
Putting r = min{2, p}, it follows from (2.19) and (2.9) that
(B0p,min{2,p}(R
d), Bαp,min{2,p}(R
d))(1,−b),q
←֓ (B0p,min{2,p}(Rd), Bα0p,min{2,p}(Rd))θ,q;−b+1/min{2,p,q}
= Bα,−b+1/min{2,p,q}p,q (R
d).
On the other hand, by (3.2) and (3.4),
(ℓmin{2,p}(Lp(R
d)), ℓmin{2,p}(2
jαLp(R
d)))(1,−b),q
←֓ ℓmin{2,p,q}((Lp(Rd), 2jαLp(Rd))(1,−b),q)
= ℓmin{2,p,q}(2
jα(1 + j)−b+1/qLp(R
d)).
Now, the embedding
(B0p,min{2,p}(R
d), Bαp,min{2,p}(R
d))(1,−b),q ←֓ Bα,−b+1/qp,min{2,p,q}(Rd)
is an immediate consequence of the retract theorem for interpolation methods (see
[Tri78, Sects. 1.2.4, 2.4.1]) since B0p,min{2,p}(R
d), Bαp,min{2,p}(R
d) and B
α,−b+1/q
p,min{2,p,q}(R
d)
are retracts of the vector-valued sequence spaces ℓmin{2,p}(Lp(R
d)), ℓmin{2,p}(2
jαLp(R
d))
and ℓmin{2,p,q}(2
jα(1 + j)−b+1/qLp(R
d)), respectively. This completes the proof of
(4.7).
We claim that
(4.9)
(B0p,max{2,p}(R
d), Bαp,max{2,p}(R
d))(1,−b),q →֒ Bα,−b+1/max{2,p,q}p,q (Rd)∩Bα,−b+1/qp,max{2,p,q}(Rd).
Indeed, applying (4.8) with r = max{2, p}, (2.19) and (2.9), we get
(B0p,max{2,p}(R
d), Bαp,max{2,p}(R
d))(1,−b),q
→֒ (B0p,max{2,p}(Rd), Bα0p,max{2,p}(Rd))θ,q;−b+1/max{2,p,q}
= Bα,−b+1/max{2,p,q}p,q (R
d).
Furthermore, in light of (3.2) and (3.4),
(ℓmax{2,p}(Lp(R
d)), ℓmax{2,p}(2
jαLp(R
d)))(1,−b),q
→֒ ℓmax{2,p,q}((Lp(Rd), 2jαLp(Rd))(1,−b),q)
= ℓmax{2,p,q}(2
jα(1 + j)−b+1/qLp(R
d))
and so, the retraction method for interpolation allows us to derive
(B0p,max{2,p}(R
d), Bαp,max{2,p}(R
d))(1,−b),q →֒ Bα,−b+1/qp,max{2,p,q}(Rd).
Combining (4.6), (4.7) and (4.9) we arrive at the desired embeddings (4.3) and
(4.4).
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
4.2. Jawerth-Franke type embeddings for Lipschitz spaces. We start by
recalling the classical embeddings of Jawerth-Franke between Besov spaces and
Sobolev spaces. See [Jaw, Fra] (cf. also [Mar] and [Vy]).
Theorem 4.3 (Embeddings of Jawerth-Franke for Sobolev spaces). Let
1 ≤ p0 < p < p1 ≤ ∞ and −∞ < α <∞. Then
(4.10) Bα+d(1/p0−1/p)p0,p (R
d) →֒ Hαp (Rd) →֒ Bα+d(1/p1−1/p)p1,p (Rd).
The periodic counterparts also hold true.
In view of (2.6), the embeddings (4.10) can be rewritten as follows
(4.11) Bα+d(1/p0−1/p)p0,p (R
d) →֒ Lip(α,0)p,∞ (Rd) →֒ Bα+d(1/p1−1/p)p1,p (Rd), α > 0.
The goal of this section is to extend (4.11) to the full scale of the logarithmic
Lipschitz spaces Lip
(α,−b)
p,q (Rd). In the first attempt, one can combine (4.3), (4.4)
and (5.4) below to get
Bα+d(1/p0−1/p),−b+1/min{2,p,q}p0,q (R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα+d(1/p1−1/p),−b+1/max{2,p,q}p1,q (Rd)
and
B
α+d(1/p0−1/p),−b+1/q
p0,min{2,p,q}
(Rd) →֒ Lip(α,−b)p,q (Rd) →֒ Bα+d(1/p1−1/p),−b+1/qp1,max{2,p,q} (R
d)
for α > 0, 1 ≤ p0 < p < p1 ≤ ∞, 0 < q ≤ ∞, and b > 1/q. However, our next result
shows that these embeddings can be strengthened.
Theorem 4.4 (Embeddings of Jawerth-Franke type for Lipschitz spaces).
Let α > 0, 1 ≤ p0 < p < p1 ≤ ∞, 0 < q ≤ ∞, and b > 1/q. Then, we have
(4.12)
Bα+d(1/p0−1/p),−b+1/min{p,q}p0,q (R
d) →֒ Lip(α,−b)p,q (Rd) →֒ Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (Rd)
and
(4.13) B
α+d(1/p0−1/p),−b+1/q
p0,min{p,q}
(Rd) →֒ Lip(α,−b)p,q (Rd) →֒ Bα+d(1/p1−1/p),−b+1/qp1,max{p,q} (R
d).
The corresponding embeddings for periodic spaces also hold true.
Remark 4.5. Note that the left-hand side embeddings (respectively, right-hand side
embeddings) of (4.12) and (4.13) coincide if q ≤ p (respectively, q ≥ p). However, in
general, these embeddings are not comparable. For instance, we give the left-hand
side embeddings of (4.12) and (4.13) with q > p,
Bα+d(1/p0−1/p),−b+1/pp0,q (R
d) +Bα+d(1/p0−1/p),−b+1/qp0,p (R
d) →֒ Lip(α,−b)p,q (Rd),
and we observe that
Bα+d(1/p0−1/p),−b+1/pp0,q (R
d) 6⊆ Bα+d(1/p0−1/p),−b+1/qp0,p (Rd)
and
Bα+d(1/p0−1/p),−b+1/qp0,p (R
d) 6⊆ Bα+d(1/p0−1/p),−b+1/pp0,q (Rd),
see [Leo, Theorem 1] and [DoTi18, Remark 6.4]. The same comment applies to the
right-hand side embeddings of (4.12) and (4.13) with q < p. More precisely, we have
Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+1/pp1,q (Rd) ∩Bα+d(1/p1−1/p),−b+1/qp1,p (Rd),
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and
Bα+d(1/p1−1/p),−b+1/pp1,q (R
d) 6⊆ Bα+d(1/p1−1/p),−b+1/qp1,p (Rd),
Bα+d(1/p1−1/p),−b+1/qp1,p (R
d) 6⊆ Bα+d(1/p1−1/p),−b+1/pp1,q (Rd).
Proof of Theorem 4.4. Since
Bd(1/p0−1/p)p0,p (R
d) →֒ Lp(Rd) →֒ Bd(1/p1−1/p)p1,p (Rd)
and
Bα+d(1/p0−1/p)p0,p (R
d) →֒ Hαp (Rd) →֒ Bα+d(1/p1−1/p)p1,p (Rd)
(see (4.10)), we can apply the limiting interpolation method with θ = 1 (see (2.13))
to obtain
(Bd(1/p0−1/p)p0,p (R
d), Bα+d(1/p0−1/p)p0,p (R
d))(1,−b),q →֒ (Lp(Rd),Hαp (Rd))(1,−b),q
→֒ (Bd(1/p1−1/p)p1,p (Rd), Bα+d(1/p1−1/p)p1,p (Rd))(1,−b),q.(4.14)
According to (2.15), we have
(4.15) (Lp(R
d),Hαp (R
d))(1,−b),q = Lip
(α,−b)
p,q (R
d).
Next, we show that
Bα+d(1/p0−1/p),−b+1/min{p,q}p0,q (R
d) +B
α+d(1/p0−1/p),−b+1/q
p0,min{p,q}
(Rd)
→֒ (Bd(1/p0−1/p)p0,p (Rd), Bα+d(1/p0−1/p)p0,p (Rd))(1,−b),q .(4.16)
Let α0 > α+ d(1/p0 − 1/p) and θ0 = α/(α0 − d/p0 + d/p). By (2.11),
Bα+d(1/p0−1/p)p0,p (R
d) = (Bd(1/p0−1/p)p0,p (R
d), Bα0p0,p(R
d))θ0,p.
Therefore, by the left-hand side embedding in (2.19) and (2.9), we get
(Bd(1/p0−1/p)p0,p (R
d), Bα+d(1/p0−1/p)p0,p (R
d))(1,−b),q
= (Bd(1/p0−1/p)p0,p (R
d), (Bd(1/p0−1/p)p0,p (R
d), Bα0p0,p(R
d))θ0,p)(1,−b),q
←֓ (Bd(1/p0−1/p)p0,p (Rd), Bα0p0,p(Rd))θ0,q;−b+1/min{p,q}
= Bα+d(1/p0−1/p),−b+1/min{p,q}p0,q (R
d).(4.17)
We claim that
(4.18) B
α+d(1/p0−1/p),−b+1/q
p0,min{p,q}
(Rd) →֒ (Bd(1/p0−1/p)p0,p (Rd), Bα+d(1/p0−1/p)p0,p (Rd))(1,−b),q.
To get this we will apply the retraction property of Besov spaces (see [Tri78, Sections
1.2.4 and 2.4.1]). It follows from the left-hand side embedding in (3.2), (3.3) and
(3.4) that
(ℓp(2
j(d/p0−d/p)Lp0(R
d)), ℓp(2
j(α+d/p0−d/p)Lp0(R
d)))(1,−b),q
←֓ ℓmin{p,q}((2j(d/p0−d/p)Lp0(Rd), 2j(α+d/p0−d/p)Lp0(Rd))(1,−b),q)
= ℓmin{p,q}(2
j(d/p0−d/p)(Lp0(R
d), 2jαLp0(R
d))(1,−b),q)
= ℓmin{p,q}(2
j(α+d/p0−d/p)(1 + j)−b+1/qLp0(R
d)).
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Now the embedding (4.18) follows from the fact that B
α+d(1/p0−1/p),−b+1/q
p0,min{p,q}
(Rd),
B
d(1/p0−1/p)
p0,p (R
d), and B
α+d(1/p0−1/p)
p0,p (R
d) are retracts of ℓmin{p,q}(2
j(α+d/p0−d/p)(1 +
j)−b+1/qLp0(R
d)), ℓp(2
j(d/p0−d/p)Lp0(R
d)), and ℓp(2
j(α+d/p0−d/p)Lp0(R
d)), respectively.
As a byproduct of (4.17) and (4.18), we arrive at (4.16).
Next we will prove that the following embedding holds
(Bd(1/p1−1/p)p1,p (R
d), Bα+d(1/p1−1/p)p1,p (R
d))(1,−b),q
→֒ Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (Rd) ∩B
α+d(1/p1−1/p),−b+1/q
p1,max{p,q}
(Rd).(4.19)
Let α1 > α+ d(1/p1 − 1/p) and θ1 = α/(α1 − d/p1 + d/p). According to (2.11),
Bα+d(1/p1−1/p)p1,p (R
d) = (Bd(1/p1−1/p)p1,p (R
d), Bα1p1,p(R
d))θ1,p.
Therefore, invoking the right-hand side embedding in (2.19) together with (2.9),
(Bd(1/p1−1/p)p1,p (R
d), Bα+d(1/p1−1/p)p1,p (R
d))(1,−b),q
= (Bd(1/p1−1/p)p1,p (R
d), (Bd(1/p1−1/p)p1,p (R
d), Bα1p1,p(R
d))θ1,p)(1,−b),q
→֒ (Bd(1/p1−1/p)p1,p (Rd), Bα1p1,p(Rd))θ1,q;−b+1/max{p,q}
= Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (R
d).
On the other hand, using the right-hand side embedding in (3.2), (3.3) and (3.4),
(ℓp(2
j(d/p1−d/p)Lp1(R
d)), ℓp(2
j(α+d/p1−d/p)Lp1(R
d)))(1,−b),q
→֒ ℓmax{p,q}((2j(d/p1−d/p)Lp1(Rd), 2j(α+d/p1−d/p)Lp1(Rd))(1,−b),q)
= ℓmax{p,q}(2
j(d/p1−d/p)(Lp1(R
d), 2jαLp1(R
d))(1,−b),q)
= ℓmax{p,q}(2
j(α+d/p1−d/p)(1 + j)−b+1/qLp1(R
d)).
Consequently, the retraction method allows us to get
(Bd(1/p1−1/p)p1,p (R
d), Bα+d(1/p1−1/p)p1,p (R
d))(1,−b),q →֒ Bα+d(1/p1−1/p),−b+1/qp1,max{p,q} (R
d).
This completes the proof of (4.19).
Combining (4.14), (4.15), (4.16) and (4.19), we derive (4.12) and (4.13).
The same methodology can be applied to deal with periodic function spaces.
Further details are left to the reader.

5. Embeddings between Lipschitz spaces
5.1. Embeddings with constant integrability. In this section we investigate
embeddings between the Lipschitz spaces Lip
(α,−b)
p,q (Rd) with fixed integrability p.
Namely, we obtain the following
Theorem 5.1. Let 1 < p <∞, αi > 0, 0 < qi ≤ ∞, and bi > 1/qi, i = 0, 1. Assume
that one of the following conditions is satisfied
(i) α0 > α1,
(ii) α0 = α1, b1 − 1q1 > b0 − 1q0 ,
(iii) α0 = α1, b1 − 1q1 = b0 − 1q0 , q0 ≤ q1.
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Then,
(5.1) Lip(α0,−b0)p,q0 (R
d) →֒ Lip(α1,−b1)p,q1 (Rd).
The corresponding embeddings for periodic spaces also hold true.
Remark 5.2. It will be shown in Theorem 9.6 below that the above conditions are
indeed necessary to establish (5.1).
Proof of Theorem 5.1. (i): We will make use of the following well-known embeddings
for Besov spaces
(5.2) Bα0,ξ0p,q0 (R
d) →֒ Bα1,ξ1p,q1 (Rd)
for −∞ < α1 < α0 <∞,−∞ < ξ0, ξ1 <∞, and 0 < q0, q1 ≤ ∞. See [Tri83, Section
2.3.2, Proposition 2], [Mou, Proposition 1.9(ii)] and [CaHa, Proposition 5.3].
In light of (4.3) and (5.2), we have
Lip(α0,−b0)p,q0 (R
d) →֒ Bα0,−b0+1/max{2,p,q0}p,q0 (Rd) →֒ Bα1,−b1+1/min{2,p,q1}p,q1 (Rd)
→֒ Lip(α1,−b1)p,q1 (Rd).
(ii), (iii): Let α = α0 = α1. Firstly, we assume q1 < q0 and b1 − 1q1 > b0 − 1q0 .
Applying Ho¨lder’s inequality,(∫ 1
0
(t−α(1− log t)−b1ωα(f, t)p)q1 dt
t
)1/q1
≤
(∫ 1
0
(t−α(1− log t)−b0ωα(f, t)p)q0 dt
t
)1/q0(∫ 1
0
(1− log t)(b0−b1)(
1
q1
− 1
q0
)−1 dt
t
) 1
q1
− 1
q0
.
(∫ 1
0
(t−α(1− log t)−b0ωα(f, t)p)q0 dt
t
)1/q0
.
Secondly, suppose that q0 ≤ q1 and b1− 1q1 ≥ b0− 1q0 . By monotonicity properties
(noting that ωα(f, t)p/t
α is equivalent to a decreasing function, see, e.g., [KoTi19b]),
we have(∫ 1
0
(t−α(1− log t)−b1ωα(f, t)p)q1 dt
t
)1/q1
.
( ∞∑
n=0
(22
nα2n(−b1+1/q1)ωα(f, 2
−2n)p)
q1
)1/q1
≤
( ∞∑
n=0
(22
nα2n(−b0+1/q0)ωα(f, 2
−2n)p)
q0
)1/q0
.
( ∫ 1
0
(t−α(1− log t)−b0ωα(f, t)p)q0 dt
t
)1/q0
.

5.2. Embeddings with constant differential dimension. Let 1 < p0 < p1 <
∞, 0 < q ≤ ∞ and −∞ < α1 < α0 <∞. Further, we assume that
(5.3) α0 − d
p0
= α1 − d
p1
.
Then, the classical Sobolev embeddings assert that
(5.4) Bα0,bp0,q (R
d) →֒ Bα1,bp1,q (Rd), −∞ < b <∞,
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and
(5.5) Hα0p0 (R
d) →֒ Hα1p1 (Rd).
We remark that (5.4) also holds true for 1 ≤ p0 < p1 ≤ ∞ satisfying (5.3),
and (5.5) can be extended to the broader scale of Triebel-Lizorkin spaces. Fur-
thermore, both embeddings can be given in the more general setting of quasi-
Banach spaces. For further details, we refer to [Tri83, Section 2.7.1], [Mou, Propo-
sition 1.9], [CaHa, Proposition 5.3] and the references within. We note that since
Hαp (R
d) = Lip
(α,0)
p,∞ (Rd), α > 0, (5.5) can be rewritten in terms of Lipschitz spaces as
Lip(α0,0)p0,∞ (R
d) →֒ Lip(α1,0)p1,∞ (Rd), 0 < α1 < α0 <∞.
Next we extend this embedding to the full range of parameters. More precisely, we
obtain the following Sobolev-type embedding.
Theorem 5.3. Let 1 < p0 < p1 <∞, 0 < α1 < α0 <∞ with α0−d/p0 = α1−d/p1.
Let 0 < q ≤ ∞ and b > 1/q. Then,
Lip(α0,−b)p0,q (R
d) →֒ Lip(α1,−b)p1,q (Rd).
The corresponding result for periodic spaces also holds true.
Remark 5.4. The corresponding results in the endpoint cases p0 = 1 and/or p1 =∞
are more delicate and will be stated in Theorems 5.5 and 5.8 below.
Proof of Theorem 5.3. We choose θ such that
1− α1
α0
< θ < min
{
1,
d
α0p0
}
and let λ = θα0 − d
(
1
p0
− 1p1
)
. According to (5.4) and (5.5), we have
Bθα0p0,q(R
d) →֒ Bλp1,q(Rd) and Hα0p0 (Rd) →֒ Hα1p1 (Rd).
Then, by the interpolation property,
(5.6) (Bθα0p0,q(R
d),Hα0p0 (R
d))(1,−b),q →֒ (Bλp1,q(Rd),Hα1p1 (Rd))(1,−b),q.
Next we identify these interpolation spaces. Since Bθα0p0,q(R
d) = (Lp0 ,H
α0
p0 (R
d))θ,q
(see (2.12)), it follows from (2.21) and (2.15) that
(5.7) (Bθα0p0,q(R
d),Hα0p0 (R
d))(1,−b),q = (Lp0(R
d),Hα0p0 (R
d))(1,−b),q = Lip
(α0,−b)
p0,q (R
d).
On the other hand, setting η = 1− (1− θ)α0/α1 ∈ (0, 1) then
Bλp1,q(R
d) = (Lp1(R
d),Hα1p1 (R
d))η,q
and applying again (2.21) and (2.15), we get
(5.8) (Bλp1,q(R
d),Hα1p1 (R
d))(1,−b),q = Lip
(α1,−b)
p1,q (R
d).
Plugging (5.7) and (5.8) into (5.6), we arrive at Lip
(α0,−b)
p0,q (R
d) →֒ Lip(α1,−b)p1,q (Rd). 
Next we turn our attention to the counterpart of Theorem 5.3 in the limiting
case p0 = 1.
Theorem 5.5. Let 1 < p <∞, 0 < q ≤ ∞, and b > 1/q (b ≥ 0 if q =∞).
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(i) Let d ∈ N, 0 < α1 < α0 <∞ with α0 − d = α1 − d/p. Then, we have
(5.9) Lip
(α0,−b)
1,q (R
d) →֒ Lip(α1,−b−1/p)p,q (Rd).
(ii) Let d ≥ 2, k ∈ N, k ≥ 2, 0 < α1 ≤ k − 1 and k − d = α1 − d/p. Then, we have
(5.10) Lip
(k,−b)
1,q (R
d) →֒ Lip(α1,−b)p,q (Rd).
The corresponding results for periodic spaces also hold true.
Remark 5.6. One can observe that the target spaces in (5.9) involve the additional
logarithmic smoothness of order 1/p. Such a phenomenon does not arise in the non-
limiting case given in Theorem 5.3. Furthermore, we will see in Theorem 9.7 below
that the embedding (5.9) is, in general, sharp. However, (5.10) shows that under
additional restrictions (5.9) can be sharpened. Note that the assumptions given in
(ii) imply α1 > k − d.
Remark 5.7. The case α0 = 1, q = ∞ and b = 0 in (5.9) is of special interest.
Namely, the following embedding holds, recall (2.5),
(5.11)
BV(Rd) →֒ Lip(1−d+d/p,−1/p)p,∞ (R), 1 < p <
d
d− 1 (1 < p <∞ if d = 1).
Further, as already mentioned in Remark 5.6, this result is optimal (see Theorem 9.7
below for the precise statement). This shows a striking difference between BV(R)
and Sobolev spaces H
1/p
p (R), p > 1. To be more precise, by (5.5),
H1/p0p0 (R) = Lip
(1/p0,0)
p0,∞ (R) →֒ H1/p1p1 (R) = Lip(1/p1,0)p1,∞ (R), 1 < p0 < p1 <∞.
However, the latter fails to be true if p0 = 1 (that is, working with BV(R) =
Lip
(1,0)
1,∞ (R)) and the best possible embedding result involves additional logarithmic
smoothness (see (5.11)). Note that Lip
(1/p,0)
p,∞ ( Lip
(1/p,−1/p)
p,∞ (R) (see Theorem 5.1).
Proof of Theorem 5.5. (i): Let q = ∞ and b ≥ 0. Since ωα(f, t)1 . ωα0(f, t)1, α >
α0, we have Lip
(α0,−b)
1,∞ (R
d) →֒ Bα0,−b1,∞ (Rd). On the other hand, by (4.12), Bα0,−b1,∞ (Rd) →֒
Lip
(α1,−b−1/p)
p,∞ (Rd). Therefore,
(5.12) Lip
(α0,−b)
1,∞ (R
d) →֒ Lip(α1,−b−1/p)p,∞ (Rd), b ≥ 0.
Suppose now q < ∞ and b − 1/q > 0. Let 0 < b1 < b − 1/q < b0. Then, there
exists θ ∈ (0, 1) such that b− 1/q = (1 − θ)b0 + θb1. Further, it follows from (5.12)
that
Lip
(α0,−bi)
1,∞ (R
d) →֒ Lip(α1,−bi−1/p)p,∞ (Rd), i = 0, 1,
and so, by the interpolation property,
(5.13)
(Lip
(α0,−b0)
1,∞ (R
d),Lip
(α0,−b1)
1,∞ (R
d))θ,q →֒ (Lip(α1,−b0−1/p)p,∞ (Rd),Lip(α1,−b1−1/p)p,∞ (Rd))θ,q.
According to Lemma 3.6,
(Lip
(α0,−b0)
1,∞ (R
d),Lip
(α0,−b1)
1,∞ (R
d))θ,q = Lip
(α0,−b)
1,q (R
d)
and
(Lip(α1,−b0−1/p)p,∞ (R
d),Lip(α1,−b1−1/p)p,∞ (R
d))θ,q = Lip
(α1,−b−1/p)
p,q (R
d).
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Inserting these formulas into (5.13), we arrive at
Lip
(α0,−b)
1,q (R
d) →֒ Lip(α1,−b−1/p)p,q (Rd).
(ii): By the classical Sobolev theorem and (5.5),
W k1 (R
d) →֒ W k−1d
d−1
(Rd) = Hk−1d
d−1
(Rd) →֒ Hα1p (Rd).
Further, we will make use of the well-known embedding
Bk−α11,p (R
d) →֒ Lp(Rd),
cf. [Pee] or [Tri01, Remark 11.8] for further details on the history. We return to it
in (10.3) below. Applying now limiting interpolation and (2.15), we get
(Bk−α11,p (R
d),W k1 (R
d))(1,−b),q →֒ (Lp(Rd),Hα1p (Rd))(1,−b),q = Lip(α1,−b)p,q (Rd).
It remains to compute the domain space (Bk−α11,p (R
d),W k1 (R
d))(1,−b),q. It follows
from (2.18), (2.21) and (2.17) that
(Bk−α11,p (R
d),W k1 (R
d))(1,−b),q = ((L1(R
d),W k1 (R
d))k−α1
k
,p
,W k1 (R
d))(1,−b),q
= (L1(R
d),W k1 (R
d))(1,−b),q = Lip
(k,−b)
1,q (R
d).
This completes the proof of (5.10).

5.3. Bre´zis-Wainger embeddings. The Bre´zis-Wainger embedding [BreWain] as-
serts that
(5.14) H1+d/pp (R
d) →֒ Lip(1,−1+1/p)∞,∞ (Rd), 1 < p <∞.
Note that this embedding can be rewritten as
(5.15) Lip(1+d/p,0)p,∞ (R
d) →֒ Lip(1,−1+1/p)∞,∞ (Rd),
which corresponds to a special case of the limiting version of Theorem 5.3 with
p1 =∞.
The goal of this section is to provide the counterpart of Theorem 5.3 in the
limiting case p1 = ∞, or equivalently, to extend (5.14) and (5.15) to the full range
of parameters.
Theorem 5.8. Let b > 1/q (b ≥ 0 if q =∞).
(i) Let 1 < p <∞ and 0 < α <∞. Then, we have
(5.16) Lip(α+d/p,−b)p,q (R
d) →֒ Lip(α,−b−1+1/p)∞,q (Rd).
(ii) Let k ∈ N. Then, we have
(5.17) Lip
(k+d,−b)
1,q (R
d) →֒ Lip(k,−b)∞,q (Rd).
The corresponding results for periodic spaces also hold true.
Remark 5.9. It will be shown in Theorem 9.8 below that the embedding (5.16) is
optimal in the sense that the shift −1 + 1/p given in the logarithmic smoothness of
the target space cannot be improved.
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Remark 5.10. Setting q =∞ and b = 0 in (5.17), we obtain
BVk+d−1(Rd) →֒ Lipk(Rd), k ∈ N.
Proof of Theorem 5.8. (i): We shall divide the proof into several steps.
Step 1: In virtue of Marchaud’s inequality,
t−αωα(f, t)∞ .
∫ ∞
t
ωα+d/p(f, u)∞
uα
du
u
,
see, e.g., [KoTi19b], we can apply Ho¨lder’s inequality to obtain
t−αωα(f, t)∞ . (1− log t)b−1/p‖f‖Bα,−b+1∞,p (Rd), b > 1/p,
or equivalently,
(5.18) Bα,−b+1∞,p (R
d) →֒ Lip(α,−b+1/p)∞,∞ (Rd), b > 1/p.
Step 2: We show (5.16) with q =∞ and b = 0, that is,
Hα+d/pp (R
d) →֒ Lip(α,−1+1/p)∞,∞ (Rd).
Indeed, by (4.10) and (5.18), we derive
Hα+d/pp (R
d) →֒ Bα∞,p(Rd) →֒ Lip(α,−1+1/p)∞,∞ (Rd).
Step 3: We make the following assertion
(5.19) Lip
(α+d/p,−b)
p,1 (R
d) →֒ Lip(α,−b+1/p)∞,∞ (Rd), b > 1.
Indeed, using (4.13), we have
(5.20) Lip
(α+d/p,−b)
p,1 (R
d) →֒ Bα,−b+1∞,p (Rd).
Then, (5.19) follows from (5.18) and (5.20).
Let 0 < q ≤ ∞ and b > 1/q. We choose b0 and b1 satisfying 1 < b1 < 1+b−1/q <
b0 and let θ ∈ (0, 1) such that 1+ b− 1/q = (1− θ)b1+ θb0. According to (5.19), we
have
Lip
(α+d/p,−bi)
p,1 (R
d) →֒ Lip(α,−bi+1/p)∞,∞ (Rd), i = 0, 1,
and thus
(5.21)
(Lip
(α+d/p,−b0)
p,1 (R
d),Lip
(α+d/p,−b1)
p,1 (R
d))θ,q →֒ (Lip(α,−b0+1/p)∞,∞ (Rd),Lip(α,−b1+1/p)∞,∞ (Rd))θ,q.
By Lemma 3.6,
(Lip
(α+d/p,−b0)
p,1 (R
d),Lip
(α+d/p,−b1)
p,1 (R
d))θ,q = Lip
(α+d/p,−b)
p,q (R
d)
and
(Lip(α,−b0+1/p)∞,∞ (R
d),Lip(α,−b1+1/p)∞,∞ (R
d))θ,q = Lip
(α,−b−1+1/p)
∞,q (R
d).
Inserting these formulas into (5.21) we achieve (5.16).
(ii): It follows from the trivial embedding W k+d1 (R
d) →֒ W k∞(Rd) and the well-
known result Bd1,1(R
d) →֒ L∞(Rd) (see [Tri83, Theorem 2.8.3] or (10.1) below) that
(Bd1,1(R
d),W k+d1 (R
d))(1,−b),q →֒ (L∞(Rd),W k∞(Rd))(1,−b),q = Lip(k,−b)∞,q (Rd)
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where we have also used (2.17). To find the space (Bd1,1(R
d),W k+d1 (R
d))(1,−b),q, we
make use of (2.18), (2.21) and (2.17). There holds
(Bd1,1(R
d),W k+d1 (R
d))(1,−b),q = ((L1(R
d),W k+d1 (R
d)) d
k+d
,1,W
k+d
1 (R
d))(1,−b),q
= (L1(R
d),W k+d1 (R
d))(1,−b),q = Lip
(k+d,−b)
1,q (R
d).
Therefore, Lip
(k+d,−b)
1,q (R
d) →֒ Lip(k,−b)∞,q (Rd). 
5.4. Embeddings into Lip. The study of embeddings of smooth function spaces
into the Lipschitz class Lip has a long history. In particular, it plays a key role
in the computation of continuity envelopes of function spaces as can be seen in
[Tri01, Chapters 12 and 14] and [Har, Chapter 9]. Here we shall only mention that
if 1 ≤ p ≤ ∞ then
(5.22) B1+d/pp,q (R
d) →֒ Lip(Rd) ⇐⇒ 0 < q ≤ 1;
for further extensions of this result, the reader is referred to [CaHa, Proposition 3.2].
Consequently, if 1 < p <∞ then
(5.23) H1+d/pp (R
d) is not continuously embedded into Lip(Rd).
Note that one can circumvent this obstruction using the Bre´zis-Wainger inequality
[BreWain], which asserts that H
1+d/p
p (Rd) is formed by almost Lipschitz-continuous
functions. More precisely, the following embedding holds true
H1+d/pp (R
d) →֒ Lip(1,−1/p′)∞,∞ (Rd), 1 < p <∞,
1
p
+
1
p′
= 1.
Moreover, this result is optimal within the scale of the spaces Lip
(1,−b)
∞,∞ (Rd). For
further details, as well as generalizations to Besov and Triebel-Lizorkin spaces, we
refer to [EH99, Theorem 2.1], [Tri01, Theorem 11.4] and [Har, Propositions 7.14 and
7.15] and the references therein.
Our next result gives a full characterization of the embeddings from Lip
(α,−b)
p,q
into Lip.
Theorem 5.11. Let α > 0, 1 < p <∞, 0 < q ≤ ∞, and b > 1/q. Then,
Lip(α,−b)p,q (R
d) →֒ Lip(Rd) ⇐⇒ α > 1 + d
p
.
Proof. Assume α > d/p+1. Let p < p1 <∞. Then, according to (4.12) and (5.22),
we have
Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (Rd) →֒ B
1+d/p1
p1,1
(Rd) →֒ Lip(Rd),
where the second embedding follows from (5.2).
The converse statement will be shown by contradiction. Suppose that
(5.24) Lip(d/p+1,−b)p,q (R
d) →֒ Lip(Rd).
It is an immediate consequence of (2.6) that
(5.25) Hαp (R
d) →֒ Lip(α,−b)p,q (Rd).
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In particular, H
d/p+1
p (Rd) →֒ Lip(Rd), which is not true because of (5.23). Hence,
(5.24) does not hold. It follows now from Theorem 5.1 that if Lip
(α,−b)
p,q (Rd) →֒
Lip(Rd) then α > d/p + 1. 
5.5. Embeddings into BV. Some technical problems of the space of functions of
bounded variation can be overcome using its relationships with the scale of Besov
spaces. See [CDDD, GLMV, Mey06]. In particular, the following embeddings hold
(5.26) B11,1(R
d) →֒ BV(Rd) →֒ B11,∞(Rd).
The objective of this section is to characterize embeddings of Lipschitz spaces into
BV(Rd) = Lip
(1,0)
1,∞ (R
d). This will complement those embeddings given in (5.11).
Theorem 5.12. Let α > 0, 0 < q ≤ ∞ and b > 1/q. Then,
Lip
(α,−b)
1,q (R
d) →֒ BV(Rd) ⇐⇒ α > 1.
The corresponding result for periodic spaces also holds true.
Proof. We claim that
(5.27) Lip
(α,−b)
1,q (R
d) →֒ B11,1(Rd), α > 1.
Indeed, this follows from the trivial embeddings
Lip
(α,−b)
1,q (R
d) →֒ Lip(α,−b)1,∞ (Rd), α > 0, 0 < q <∞, b > 1/q,
and
Lip
(α,−b)
1,∞ (R
d) →֒ B11,1(Rd).
Combining (5.27) and (5.26), we arrive at Lip
(α,−b)
1,q (R
d) →֒ BV(Rd).
Let us prove that the condition α > 1 is necessary. We shall proceed by contra-
diction, that is, assume that there exists α ≤ 1 such that
(5.28) Lip
(α,−b)
1,q (R
d) →֒ BV(Rd).
We observe that it is enough to disprove (5.28) with α = 1 because
Lip
(1,−b)
1,∞ (R
d) →֒ Lip(α,−b)1,q (Rd), α < 1.
This embedding is an immediate consequence of the Marchaud inequality for moduli
of smoothness
ωα(f, t)1 . t
α
∫ ∞
t
ω1(f, u)1
uα
du
u
,
see, e.g., [KoTi19b]. Assume that (5.28) holds with α = 1. For θ ∈ (0, 1), we have
(5.29) (L1(R
d),Lip
(1,−b)
1,q (R
d))θ,q →֒ (L1(Rd),BV(Rd))θ,q.
Next we compute these interpolation spaces. Concerning the target space, we have
(L1(R
d),BV(Rd))θ,q = B
θ
1,q(R
d)
(cf. [DoTi18, Corollary 11.7]). On the other hand, by (2.17), (2.20) and (2.18),
(L1(R
d),Lip
(1,−b)
1,q (R
d))θ,q = (L1(R
d), (L1(R
d),W 11 (R
d))(1,−b),q)θ,q
= (L1(R
d),W 11 (R
d))θ,q;θ(−b+1/q) = B
θ,θ(−b+1/q)
1,q (R
d).
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Therefore, (5.29) results in
B
θ,θ(−b+1/q)
1,q (R
d) →֒ Bθ1,q(Rd),
which implies −b+ 1/q ≥ 0. By assumptions, this is not possible. 
6. Characterization of Lipschitz spaces via Fourier transform
The goal of this section is to obtain the Fourier-analytical description of the
spaces Lip
(α,−b)
p,q (Rd).
Theorem 6.1. Let α > 0, 1 < p <∞, 0 < q ≤ ∞ and b > 1/q. Then,
(6.1) ‖f‖
Lip
(α,−b)
p,q (Rd)
≍
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
The corresponding result for periodic functions also holds true.
Before providing the proof of this theorem, we make the following remark, which
enables us to better understand the Fourier decomposition (6.1).
Remark 6.2. By the Littlewood-Paley theorem (see, e.g., [Tri83, Theorem 2.5.6])
(6.2) ‖f‖Lp(Rd) ≍
∥∥∥( ∞∑
j=0
|(ϕj f̂)∨(·)|2
)1/2∥∥∥
Lp(Rd)
,
and more generally,
(6.3) ‖f‖Hαp (Rd) ≍
∥∥∥( ∞∑
j=0
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥
Lp(Rd)
, α ≥ 0.
On the other hand, we make the following claim
(6.4)
‖f‖
Bα,−bp,q (Rd)
≍
 ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
2jβ2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q , β > α.
We postpone the proof of this characterization until a little later, and meanwhile
point out certain similarities between Besov, Lebesgue, Sobolev and Lipschitz spaces.
Namely, it turns out that the family of norms given by ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
2jβ2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q , β ≥ α,
(as usual, the sum should be replaced by the supremum if q = ∞) allows us to
introduce in a unifying way the Besov spaces (see (6.4)), Lipschitz spaces (taking
β = α; see (6.1)), Lebesgue spaces (taking β = α = 0, q = ∞ and b = 0; see (6.2))
and Sobolev spaces (taking β = α, q =∞ and b = 0; see (6.3)).
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Now let us show (6.4). We have ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
2jβ2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q
≤
 ∞∑
k=0
2k(α−β)q(1 + k)−bq
( k∑
j=0
2jβ‖(ϕj f̂)∨‖Lp(Rd)
)q1/q .(6.5)
We distinguish two possible cases. If q ≥ 1 then we apply Hardy’s inequality (noting
that β > α) to get
(6.6)
 ∞∑
k=0
2k(α−β)q(1 + k)−bq
( k∑
j=0
2jβ‖(ϕj f̂)∨‖Lp(Rd)
)q1/q . ‖f‖
Bα,−bp,q (Rd)
.
On the other hand, if q < 1 then ∞∑
k=0
2k(α−β)q(1 + k)−bq
( k∑
j=0
2jβ‖(ϕj f̂)∨‖Lp(Rd)
)q1/q
.
 ∞∑
k=0
2k(α−β)q(1 + k)−bq
k∑
j=0
2jβq‖(ϕj f̂)∨‖qLp(Rd)
1/q ≍ ‖f‖
Bα,−bp,q (Rd)
(6.7)
where we have also used that β > α in the last step.
Therefore, it follows from (6.5), (6.6) and (6.7) that ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
2jβ2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q . ‖f‖
Bα,−bp,q (Rd)
.
Since the converse estimate holds trivially, we arrive at the desired claim (6.4).
Proof of Theorem 6.1. We have
(6.8) ‖f‖(Lp(Rd),Hαp (Rd))(1,−b),q ≍ ‖((ϕj f̂)∨(·))‖(Lp(Rd;ℓ2),Lp(Rd;ℓα2 ))(1,−b),q .
Indeed, this interpolation formula follows from the well-known fact that Lp(R
d) and
Hαp (R
d) are retracts of Lp(R
d; ℓ2) and Lp(R
d; ℓα2 ), respectively, with coretraction
operator J(f) = ((ϕj f̂)
∨(·)) (see [Tri78, p. 185]), and then invoke the retraction
method of interpolation [Tri78, Sections 1.2.4 and 2.4.1].
Now according to (6.8) and Lemma 3.5 with r = 2 and A = C, we derive
‖f‖(Lp(Rd),Hαp (Rd))(1,−b),q ≍
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
Hence, the desired result follows from (2.15). 
It is well known that Besov spaces can be viewed as retracts of weighted sequence
spaces taking values in Lebesgue spaces (cf. [BL] and [Tri78]). The next result proves
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that the retraction property also holds for Lipschitz spaces when Lebesgue spaces
are replaced by Sobolev spaces.
Theorem 6.3. Let α > 0, 1 < p < ∞, 0 < q ≤ ∞ and b > 1/q. The space
Lip
(α,−b)
p,q (Rd) is a retract of ℓq(2
k(−b+1/q)Hαp (R
d)), that is, there exist linear oper-
ators I : Lip
(α,−b)
p,q (Rd) → ℓq(2k(−b+1/q)Hαp (Rd)) and R : ℓq(2k(−b+1/q)Hαp (Rd)) →
Lip
(α,−b)
p,q (Rd) such that R(If) = f . Specifically, these operators are defined by
If =
( 2k+1−2∑
j=2k−1
(ϕj f̂)
∨
)
k∈N0
and R((fk)k∈N0) =
∞∑
k=0
(ϕ˜k f̂k)
∨
where ϕ−1 = 0 and ϕ˜k =
∑2k+1−1
j=2k−2 ϕj , k ∈ N0.
Proof. Firstly, we claim that
(6.9) ‖f‖
Lip
(α,−b)
p,q (Rd)
≍
 ∞∑
k=0
2k(−b+1/q)q
∥∥∥ 2k+1−2∑
j=2k−1
(ϕj f̂)
∨
∥∥∥q
Hαp (R
d)
1/q .
Indeed, by monotonicity properties, we can rewrite (6.1) as
(6.10) ‖f‖
Lip
(α,−b)
p,q (Rd)
≍
 ∞∑
k=0
2k(−b+1/q)q
∥∥∥( 2k∑
j=0
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
Thus, using that ℓ1 →֒ ℓ2 and Hardy’s inequality (noting that −b + 1/q < 0), we
have
‖f‖
Lip
(α,−b)
p,q (Rd)
.
 ∞∑
k=0
2k(−b+1/q)q
( k∑
l=0
∥∥∥( 2l+1−2∑
j=2l−1
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥
Lp(Rd)
)q1/q
.
 ∞∑
k=0
2k(−b+1/q)q
∥∥∥( 2k+1−2∑
j=2k−1
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
Obviously, the converse estimate also holds true (see (6.10)) and thus
‖f‖
Lip
(α,−b)
p,q (Rd)
≍
 ∞∑
k=0
2k(−b+1/q)q
∥∥∥( 2k+1−2∑
j=2k−1
2jα2|(ϕj f̂)∨(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
Now, the desired equivalence (6.9) follows from Littlewood-Paley theorem for Sobolev
spaces, that is, ‖f‖Hαp (Rd) ≍
∥∥(∑∞
j=0 2
jα2|(ϕj f̂)∨(·)|2
)1/2∥∥
Lp(Rd)
.
According to (6.9), we infer that I : Lip
(α,−b)
p,q (Rd)→ ℓq(2k(−b+1/q)Hαp (Rd)). Fur-
thermore, using the properties of the system {ϕj}j∈N0 , the fact that ϕ˜k
∑2k+1−2
j=2k−1 ϕj =
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j=2k−1 ϕj , and multiplier theorems, we have that
‖R((fk)k∈N0)‖Lip(α,−b)p,q (Rd) ≍
 ∞∑
l=0
2l(−b+1/q)q
∥∥∥ 2l+1−2∑
j=2l−1
(
ϕj
∞∑
k=0
ϕ˜k f̂k
)∨∥∥∥q
Hαp (R
d)
1/q
.
 ∞∑
l=0
2l(−b+1/q)q
∥∥∥ 2l+1−2∑
j=2l−1
(ϕj ϕ˜lf̂l)
∨
∥∥∥q
Hαp (R
d)
1/q
=
 ∞∑
l=0
2l(−b+1/q)q
∥∥∥( 2l+1−2∑
j=2l−1
ϕj f̂l
)∨∥∥∥q
Hαp (R
d)
1/q
=
 ∞∑
l=0
2l(−b+1/q)q
∥∥∥( 2l+1−2∑
j=2l−1
ϕj(1 + |x|2)α/2f̂l
)∨∥∥∥q
Lp(Rd)
1/q
≤
 ∞∑
l=0
2l(−b+1/q)q
∥∥∥ 2l+1−2∑
j=2l−1
ϕj
∥∥∥q
W
[d/2]+1
2 (R
d)
‖fl‖qHαp (Rd)
1/q
. ‖(fl)l∈N0‖ℓq(2l(−b+1/q)qHαp (Rd)).
Moreover, it is plain to see that R(If) = f . 
We finish this section presenting another characterization of Lipschitz norm in
terms of Fourier means. Let Ψn(f) stand for any of the following means:
1) the ℓr-Fourier means given by
Ŝn,rf(ξ) = χ{ξ∈Rd : ‖ξ‖ℓr≤n}(ξ)f̂(ξ), r = 1,∞;
2) the de la Valle´e Poussin-type means ηnf (see [KoTi19a]);
3) the Riesz spherical means Rβ,δn f given by
̂
Rβ,δn f(ξ) =
(
1−
( |ξ|
n
)β)δ
+
f̂(ξ)
for β > 0 and δ > d|1p − 12 | − 12 .
Theorem 6.4. Let α > 0, 1 < p <∞, 0 < q ≤ ∞ and b > 1/q. Then,
‖f‖
Lip
(α,−b)
p,q (Rd)
≍ ‖f‖Lp(Rd) +
(
∞∑
k=0
(1 + k)−bq
∥∥∥(−∆)α/2Ψ2kf∥∥∥q
Lp(Rd)
)1/q
.
The corresponding result for periodic functions also holds true.
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The proof immediately follows from Hardy’s inequalities and the following esti-
mates(
∞∑
k=n+1
2−kατ‖(−∆)α/2Ψ2kf‖τLp(Rd)
) 1
τ
. ωα(f, 2
−n)p
.
(
∞∑
k=n+1
2−kαθ‖(−∆)α/2Ψ2kf‖θLp(Rd)
) 1
θ
,
where τ = max(2, p) and θ = min(2, p). See [KoTi19a, Theorem 6.3].
7. Characterization of Lipschitz spaces via wavelets
In order to describe our results, we briefly discuss wavelet bases. For full treat-
ment, we refer the reader to [Dau], [Mey06] and [Tri08]. As usual, Cu(R) with u ∈ N
collects all (complex-valued) continuous functions on R having continuous bounded
derivatives up to order u. Let
(7.1) ψF ∈ Cu(R), ψM ∈ Cu(R), u ∈ N,
be real compactly supported Daubechies wavelets with∫
R
ψM (x)x
v dx = 0 for all v ∈ N0 with v < u.
Recall that ψF is called the scaling function (father wavelet) and ψM the associated
wavelet (mother wavelet). The extension of these wavelets from R to Rd, d ≥ 2, is
based on the usual tensor procedure. Let
G = (G1, . . . , Gn) ∈ G0 = {F,M}d,
which means that Gr is either F or M . Let
G = (G1, . . . , Gn) ∈ Gj = {F,M}d∗, j ∈ N,
which means that Gr is either F or M where * indicates that at least one of the
components of G must be an M . Hence G0 has 2d elements, whereas Gj with j ∈ N
has 2d − 1 elements. Let
(7.2) ΨjG,m(x) = 2
jd/2
d∏
r=1
ψGr(2
jxr −mr), G ∈ Gj , m ∈ Zd, j ∈ N0.
We shall assume that ψF and ψM in (7.1) are normalized with respect to L2(R).
Then, the system
Ψ =
{
ΨjG,m : j ∈ N0, G ∈ Gj , m ∈ Zd
}
is an orthonormal basis in L2(R
d) and
f =
∞∑
j=0
∑
G∈Gj
∑
m∈Zd
λj,Gm 2
−jd/2ΨjG,m
with
(7.3) λj,Gm = λ
j,G
m (f) = 2
jd/2
∫
Rd
f(x)ΨjG,m(x) dx,
32 O´SCAR DOMI´NGUEZ, DOROTHEE D. HAROSKE, AND SERGEY TIKHONOV
where 2−jd/2ΨjG,m are uniformly bounded functions (with respect to j and m).
Under certain conditions on the smoothness parameter u (see (7.1)), Besov spaces
and Lebesgue and Sobolev spaces admit characterizations via wavelet decomposi-
tions. Next we introduce the related sequence spaces.
Let χj,m be the characteristic function of the dyadic cube Qj,m = 2
−jm +
2−j(0, 1)d in Rd with sides of length 2−j parallel to the axes of coordinates and
2−jm as the lower left corner. Let −∞ < s, ξ < ∞, 1 < p < ∞ and 0 < q ≤ ∞.
The space bs,ξp,q is the collection of all sequences λ = (λ
j,G
m ) with j ∈ N0, G ∈ Gj and
m ∈ Zd such that
‖λ‖
bs,ξp,q
=
 ∞∑
j=0
2j(s−d/p)q(1 + j)ξq
∑
G∈Gj
( ∑
m∈Zd
|λj,Gm |p
)q/p1/q <∞
with the usual modification if q = ∞. We write f sp,2 for the space of all sequences
λ = (λj,Gm ) with j ∈ N0, G ∈ Gj and m ∈ Zd such that
(7.4) ‖λ‖fsp,2 =
∥∥∥∥( ∑
j,G,m
2js2|λj,Gm χj,m(·)|2
)1/2∥∥∥∥
Lp(Rd)
<∞.
It turns out that f sp,2 can be identified with a complemented subspace of Lp(R
d; ℓs2(ℓ2)),
where
‖λ‖ℓs2(ℓ2) =
( ∞∑
j=0
2js2
∑
G∈Gj ,m∈Zd
|λj,Gm |2
)1/2
<∞
(see (3.5)). Indeed, since
(7.5) ‖λ‖fsp,2 = ‖(λj,Gm χj,m(·))‖Lp(Rd;ℓs2(ℓ2)),
it is plain to check that
Pf(x) = P ((f j,Gm ))(x) =
((
2jd
∫
Qj,m
f j,Gm (y) dy χj,m(x)
)
G∈Gj
m∈Zd
)
j∈N0
, x ∈ Rd,
defines a projection operator from Lp(R
d; ℓs2(ℓ2)) onto a subspace of Lp(R
d; ℓs2(ℓ2)),
which is isometric to f sp,2.
We are now in a position to state the well-known characterizations of Lebesgue,
Sobolev and Besov spaces via wavelets. Recall that Lp(R
d) = H0p(R
d). For the proof
and more general statements covering not only Besov and Triebel-Lizorkin spaces
but also Besov spaces of generalized smoothness, the reader is referred to [Tri08,
Theorem 1.20] and [Al].
Theorem 7.1. (i) Let 1 < p < ∞ and −∞ < s < ∞. Assume that (7.1) holds
with u > |s|. Then, f ∈ Hsp(Rd) if and only if
f =
∑
j∈N0,G∈Gj ,m∈Zd
λj,Gm 2
−jd/2ΨjG,m, (λ
j,G
m ) ∈ f sp,2
(unconditional convergence being in Hsp(R
d)). This representation is unique,
that is, the wavelet coefficients (λj,Gm ) are given by (7.3), and the operator
I : f 7→ (λj,Gm )
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defines an isomorphism from Hsp(R
d) onto f sp,2.
(ii) Let 1 < p <∞, 0 < q ≤ ∞, and −∞ < s, ξ <∞. Assume that (7.1) holds with
u > |s|. Then, f ∈ Bs,ξp,q(Rd) if and only if
f =
∑
j∈N0,G∈Gj ,m∈Zd
λj,Gm 2
−jd/2ΨjG,m, (λ
j,G
m ) ∈ bs,ξp,q
(unconditional convergence being in S ′(Rd)). This representation is unique,
that is, the wavelet coefficients (λj,Gm ) are given by (7.3), and the operator
I : f 7→ (λj,Gm )
defines an isomorphism from Bs,ξp,q(Rd) onto b
s,ξ
p,q. If, in addition, q < ∞, then
{ΨjG,m} is an unconditional basis in Bs,ξp,q(Rd).
The goal of this section is to provide the wavelet description of Lipschitz spaces.
With this in mind, we define the sequence spaces lip
(α,−b)
p,q as follows.
Definition 7.2. Let α > 0, 1 < p < ∞, 0 < q ≤ ∞, and b > 1/q (b ≥ 0 if q = ∞).
The space lip
(α,−b)
p,q is the collection of all λ = (λ
j,G
m ) such that
(7.6)
‖λ‖
lip
(α,−b)
p,q
=
( ∞∑
k=0
(1+k)−bq
∥∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Zd
2jα2|λj,Gm χj,m(·)|2
)1/2∥∥∥∥q
Lp(Rd)
)1/q
<∞
(with the usual modification if q =∞).
It is not hard to show that fαp,2 →֒ lip(α,−b)p,q →֒ f0p,2. In fact, our next result
shows that lip
(α,−b)
p,q can be characterized in terms of the classical spaces (f0p,2, f
α
p,2)
via limiting interpolation.
Lemma 7.3. Let α > 0, 1 < p <∞, 0 < q ≤ ∞ and b > 1/q (b ≥ 0 if q =∞). Then,
lip(α,−b)p,q = (f
0
p,2, f
α
p,2)(1,−b),q.
Proof. For f = ((f j,Gm )G∈Gj
m∈Zd
)j∈N0 ∈ Lp(Rd; ℓ2(ℓ2)), we can invoke Lemma 3.5 to get
‖f‖(Lp(Rd;ℓ2(ℓ2)),Lp(Rd;ℓα2 (ℓ2)))(1,−b),q
≍
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Zd
2jα2|f j,Gm (·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
Since f0p,2 and f
α
p,2 are isometric to complemented subspaces of Lp(R
d; ℓ2(ℓ2)) and
Lp(R
d; ℓα2 (ℓ2)), respectively, via (7.5), we can apply the theorem on interpolation of
complemented subspaces [Tri78, Theorem 1.17.1] to obtain
‖λ‖(f0p,2,fαp,2)(1,−b),q
≍
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Zd
2jα2|λj,Gm χj,m(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q = ‖λ‖
lip
(α,−b)
p,q
.

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Now we are ready to establish the wavelet decomposition of Lipschitz spaces.
Theorem 7.4. Let α > 0, 1 < p < ∞, 0 < q ≤ ∞ and b > 1/q. Assume that (7.1)
holds with u > α. Then, f ∈ Lip(α,−b)p,q (Rd) if and only if
(7.7) f =
∑
j∈N0,G∈Gj ,m∈Zd
λj,Gm 2
−jd/2ΨjG,m, (λ
j,G
m ) ∈ lip(α,−b)p,q
(unconditional convergence being in Lp(R
d)). This representation is unique, that is,
the wavelet coefficients (λj,Gm ) are given by (7.3), and the operator
I : f 7→ (λj,Gm )
defines an isomorphism from Lip
(α,−b)
p,q (Rd) onto lip
(α,−b)
p,q . If, in addition, q < ∞,
then {ΨjG,m} is an unconditional basis in Lip(α,−b)p,q (Rd).
Remark 7.5. Let β > α. Following similar arguments as those used to show (6.4),
one can prove that
‖λ‖
bα,−bp,q
≍
 ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Zd
2jβ2|λj,Gm χj,m(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
Thus, according to Theorem 7.1(ii), we derive
(7.8)
‖f‖
Bα,−bp,q (Rd)
≍
 ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Zd
2jβ2|λj,Gm χj,m(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q .
It is remarkable that Besov, Sobolev, Lebesgue and Lipschitz spaces come to-
gether through the family of norms given by ∞∑
k=0
2k(α−β)q(1 + k)−bq
∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Zd
2jβ2|λj,Gm χj,m(·)|2
)1/2∥∥∥q
Lp(Rd)
1/q , β ≥ α,
with the usual modification if q = ∞. More explicitly, if β > α then we recover
Bα,−bp,q (Rd) (see (7.8)); if β = α > 0, q = ∞ and b = 0 then we get Hαp (Rd) (see
Theorem 7.1(i)); setting β = α = 0, q =∞ and b = 0 we obtain Lp(Rd) (see Theorem
7.1(i)); and if β = α > 0, 0 < q ≤ ∞ and b > 1/q then we have Lip(α,−b)p,q (Rd) (see
Theorem 7.4).
Proof of Theorem 7.4. According to Theorem 7.1, Lp(R
d) and Hαp (R
d) are isomor-
phic to f0p,2 and f
α
p,2 via I : f 7→ (λj,Gm ). Hence, applying (2.15) and Lemma 7.3, we
derive that
I : Lip(α,−b)p,q (R
d) = (Lp(R
d),Hαp (R
d))(1,−b),q → (f0p,2, fαp,2)(1,−b),q = lip(α,−b)p,q (Rd)
is also an isomorphism.
The uniqueness and the unconditional convergence in Lp(R
d) of the representa-
tion (7.7) are immediate consequences of the embeddings
Lip(α,−b)p,q (R
d) →֒ Lp(Rd) and lip(α,−b)p,q →֒ f0p,2
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together with the corresponding assertion for Lp(R
d) spaces given in Theorem 7.1.
The fact that {ΨjG,m} is an unconditional basis in Lip(α,−b)p,q (Rd), q < ∞, follows
easily from (7.6). 
Remark 7.6. Our method also works with periodic wavelets. Before we state the
periodic analogue of Theorem 7.4, let us fix some notation. Let L ∈ N be fixed such
that
Ψj,LG,m(x) = 2
(j+L)d/2
d∏
r=1
ψGr(2
j+Lxr −mr)
satisfies
supp Ψj,LG,m ⊂ {x ∈ Rd : |x| < 1/2}
and let {Ψj,L,perG,m } be the orthonormal system in L2(Td) obtained from {Ψj,LG,m} via
standard periodization arguments. See [Tri08, Section 1.3.2] for full details. The
periodic counterparts of the sequence spaces fαp,2 (see (7.4)) and lip
(α,−b)
p,q (see (7.6))
are introduced as follows. Let
Pdj = {m ∈ Zd : 0 ≤ mr < 2j+L}, j ∈ N0.
Let α > 0, 1 < p <∞, 0 < q ≤ ∞, and b > 1/q (b ≥ 0 if q =∞). The space fα,perp,2 is
formed by all λ = (λj,Gm ) such that
‖λ‖fα,perp,2 =
∥∥∥∥( ∑
j∈N0,G∈Gj ,m∈Pdj
2jα2|λj,Gm χj,m(·)|2
)1/2∥∥∥∥
Lp(Td)
<∞
where χj,m is the characteristic function of a cube with the left corner 2
−j−Lm and
of side-length 2−j−L. The space lip
(α,−b),per
p,q is the collection of all λ such that
‖λ‖
lip
(α,−b),per
p,q
=
( ∞∑
k=0
(1+k)−bq
∥∥∥∥( k∑
j=0
∑
G∈Gj ,m∈Pdj
2jα2|λj,Gm χj,m(·)|2
)1/2∥∥∥∥q
Lp(Td)
)1/q
<∞
(with the usual modification if q =∞).
The periodic counterpart of Theorem 7.4 reads as follows.
Theorem 7.7. Let α > 0, 1 < p < ∞, 0 < q ≤ ∞ and b > 1/q. Assume that (7.1)
holds with u > α. Then, f ∈ Lip(α,−b)p,q (Td) if and only if
f =
∑
j∈N0,G∈Gj ,m∈Pdj
µj,Gm 2
−(j+L)d/2Ψj,L,perG,m , (µ
j,G
m ) ∈ lip(α,−b),perp,q
(unconditional convergence being in Lp(T
d)). This representation is unique, that is,
the wavelet coefficients (µj,Gm ) are given by
µj,Gm = 2
(j+L)d/2
∫
Td
f(x)Ψj,L,perG,m (x) dx,
and the operator
I : f 7→ (µj,Gm )
defines an isomorphism from Lip
(α,−b)
p,q (Td) onto lip
(α,−b),per
p,q . If, in addition, q <∞,
then {Ψj,L,perG,m } is an unconditional basis in Lip(α,−b)p,q (Td).
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The proof of Theorem 7.7 follows the same arguments used to show Theorem 7.4
except for some minor modifications. Specifically, under assumptions of Theorem
7.7, we have that I is an isomorphism from Lp(T
d) onto f0,perp,2 and from H
α
p (T
d)
onto fα,perp,2 (see [Tri08, Theorem 1.37]). On the other hand, the periodic analogue
of Lemma 7.3, that is,
lip(α,−b),perp,q = (f
0,per
p,2 , f
α,per
p,2 )(1,−b),q,
also holds true. This is a consequence of the facts that f0,perp,2 and f
α,per
p,2 are com-
plemented subspaces of Lp(T
d; ℓ2(N0;R
2(j+L)d)) and Lp(T
d; ℓα2 (N0;R
2(j+L)d)), respec-
tively, together with the generalization of the periodic counterpart of Lemma 3.5 to
a family of Banach spaces (Aj)j∈N0 , i.e.,
(7.9)
‖(fj)‖(Lp(Td;ℓr(Aj)),Lp(Td;ℓαr (Aj)))(1,−b),q ≍
 ∞∑
k=0
(1 + k)−bq
∥∥∥( k∑
j=0
2jαr‖fj(·)‖rAj
)1/r∥∥∥q
Lp(Td)
1/q .
Remark 7.8. The method of proof of Theorem 7.4 can also be carried out to obtain
the characterization of Lipschitz spaces in terms of Haar wavelet bases. We shall
not record here the construction of Haar wavelet bases and we refer the interested
reader to [Tri08, Section 2.5.1] and [Tri10, Section 2.3] for further explanations and
related literature. Let {HjG,m} be an orthonormal Haar wavelet basis in L2(Rd).
The characterization for Lipschitz spaces in terms of {HjG,m} reads as follows.
Theorem 7.9. Let 1 < p < ∞, 0 < α < min{1/p, 1/2}, 0 < q ≤ ∞ and b > 1/q.
Then, f ∈ Lip(α,−b)p,q (Rd) if and only if
f =
∑
j∈N0,G∈Gj ,m∈Zd
λj,Gm 2
−jd/2HjG,m, (λ
j,G
m ) ∈ lip(α,−b)p,q
(unconditional convergence being in Lp(R
d)). This representation is unique, that is,
the wavelet coefficients (λj,Gm ) are given by
λj,Gm = 2
jd/2
∫
Rd
f(x)HjG,m(x) dx,
and the operator
I : f 7→ (λj,Gm )
defines an isomorphism from Lip
(α,−b)
p,q (Rd) onto lip
(α,−b)
p,q . If, in addition, q < ∞,
then {HjG,m} is an unconditional basis in Lip(α,−b)p,q (Rd).
The proof of this theorem follows line by line the arguments of the proof of
Theorem 7.4 and is safely left to the reader. However, note that unlike Theorem 7.4,
we obtain unconditional Haar wavelet bases in Lip
(α,−b)
p,q (Rd) under the additional
assumption α < min{1/p, 1/2}. This restriction comes from the fact that if α > 0
and 1 < p < ∞ then {HjG,m} is an unconditional basis in Hαp (Rd), if and only if,
α < min{1/p, 1/2}. See [Tri10, Corollary 2.23] and [SeUl1, SeUl2].
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8. Characterizations of Lipschitz spaces for special classes of
functions
8.1. Lacunary Fourier series. We fix ψ ∈ S(Rd)\{0} such that
(8.1) supp ψ̂ ⊂ {ξ : |ξ| ≤ 2}.
Define the class
L =
{
ψW :W (x) ∼
∞∑
j=3
aje
i(2j−2)x1 for x = (x1, . . . , xd) ∈ Rd and (aj) ⊂ C
}
.
In light of (8.1), it is plain to check that
(ϕj f̂)
∨(x) = aje
i(2j−2)x1ψ(x), x ∈ Rd, f ∈ L.
Therefore, according to (2.1) and Theorem 6.1, Besov and Lipschitz norms of func-
tions from the class L can be described in terms of the sequence of their Fourier
coefficients. More precisely, we have
Theorem 8.1. Let 1 ≤ p ≤ ∞, 0 < q ≤ ∞ and −∞ < s, b <∞. Then,
(8.2) ‖f‖
Bs,bp,q(Rd)
≍
 ∞∑
j=3
(2js(1 + j)b|aj |)q
1/q , f ∈ L.
The corresponding result for periodic functions also holds true.
Theorem 8.2. Let α > 0, 1 < p < ∞, 0 < q ≤ ∞ and b > 1/q (b ≥ 0 if q = ∞).
Then,
(8.3) ‖f‖
Lip
(α,−b)
p,q (Rd)
≍
 ∞∑
k=3
(1 + k)−bq
( k∑
j=3
2jα2|aj |2
)q/21/q , f ∈ L.
The corresponding result for periodic functions also holds true.
Remark 8.3. The hidden constants in the equivalences (8.2) and (8.3) depend on
‖ψ‖Lp(Rd).
As an immediate consequence of Theorems 8.1 and 8.2 we obtain the following
Corollary 8.4. Let α > 0, 1 < p <∞ and b > 1/2. Then,
Lip
(α,−b)
p,2 (R
d) ∩ L = Bα,−b+1/2p,2 (Rd) ∩ L.
8.2. Monotone functions. We start by recalling the definition of the general
monotone functions given in [LiTi, Ti07]. A complex-valued function ϕ(z), z > 0, is
called general monotone if it is locally of bounded variation and for some constant
C > 1 the following is true
(8.4)
∫ 2z
z
|dϕ(u)| ≤ C|ϕ(z)|
for all z > 0. Constant C in (8.4) is independent of z. The set of all general monotone
functions is denoted by GM . Basic examples of general monotone functions consist
of: decreasing functions, quasi-monotone functions ϕ (i.e, ϕ(t)t−α is non-increasing
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for some α ≥ 0), and increasing functions ϕ such that ϕ(2z) . ϕ(z). Note also that
(8.4) implies
(8.5) |ϕ(u)| . |ϕ(z)| for any z ≤ u ≤ 2z.
It is well known that the Fourier transform of a radial function f(x) = f0(|x|)
is also radial, f̂(ξ) = F0(|ξ|) (see [SW, Chapter 4]) and it can be written as the
Fourier–Hankel transform
F0(s) =
2πd/2
Γ
(
d
2
) ∫ ∞
0
f0(t)jd/2−1(st)t
d−1 dt,
where jα(t) = Γ(α + 1)(t/2)
−αJα(t) is the normalized Bessel function (jα(0) = 1),
α ≥ −1/2, with Jα(t) the classical Bessel function of the first kind of order α.
Let ĜM
d
be the collection of all radial functions such that the radial component
F0 of the Fourier transform of f , that is, f̂(ξ) = F0(|ξ|), belongs to the class GM ,
is non-negative and satisfies the condition
(8.6)
∫ 1
0
ud−1F0(u)du+
∫ ∞
1
u(d−1)/2|dF0(u)| <∞;
see [GT]. In other words, ĜM
d
consists of radial functions f(x) = f0(|x|), x ∈ Rd,
which are defined in terms of the inverse Fourier–Hankel transform
(8.7) f0(z) =
2
Γ
(
d
2
)
(2
√
π)d
∫ ∞
0
F0(s)jd/2−1(zs)s
d−1 ds,
where the function F0 ∈ GM and satisfies condition (8.6). We note that, by [GLT,
Lemma 1], the integral in (8.6) converges in the improper sense and therefore f0(z)
is continuous for z > 0.
It turns out that Besov norms of functions from the class ĜM
d
can be fully
characterized in terms of the growth properties of the Fourier transform. More
precisely, the following result was obtained in [DoTi18, Theorem 4.6].
Theorem 8.5 (Characterization of Besov norms for ĜM
d
functions). Let
2d
d+1 < p <∞, 0 < q ≤ ∞, and −∞ < s, b <∞. Assume that f ∈ ĜM
d
. Then
(8.8)
‖f‖
Bs,bp,q(Rd)
≍
(∫ 1
0
tdp−d−1F p0 (t)dt
)1/p
+
(∫ ∞
1
tsq+dq−dq/p−1(1 + log t)bqF q0 (t)dt
)1/q
.
Remark 8.6. It is well known that Besov spaces with positive smoothness (i.e.,
s > 0) are formed by locally integrable functions. This is illustrated in the above
characterization because the finiteness of the right-hand side of (8.8) implies f ∈
Lp(R
d). Indeed, this follows from the Hardy-Littlewood theorem for functions f ∈
ĜM
d
(see [GLT, Theorem 1]), which asserts that
(8.9) ‖f‖Lp(Rd) ≍
(∫ ∞
0
tdp−d−1F p0 (t)dt
)1/p
,
2d
d+ 1
< p <∞,
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together with the estimate
(8.10)(∫ ∞
1
tdp−d−1F p0 (t)dt
)1/p
.
(∫ ∞
1
tsq+dq−dq/p−1(1 + log t)bqF q0 (t)dt
)1/q
, s > 0.
The goal of this section is to establish the corresponding characterization for
Lipschitz spaces.
Theorem 8.7 (Characterization of Lipschitz norms for ĜM
d
functions).
Let 2dd+1 < p < ∞, 0 < q ≤ ∞, α > 0, and b > 1/q (b ≥ 0 if q = ∞) . Assume that
f ∈ ĜMd. Then
‖f‖
Lip
(α,−b)
p,q (Rd)
≍
(∫ 1
0
tdp−d−1F p0 (t)dt
)1/p
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.(8.11)
Remark 8.8. (i) Similarly to Remark 8.6, if the right-hand side of (8.11) is finite
then f ∈ Lp(Rd). Indeed, by (8.5),(∫ ∞
1
tαq+dq−dq/p−1(1 + log t)−bqF q0 (t)dt
)1/q
.
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
,
and so, by (8.10),
(8.12)(∫ ∞
1
tdp−d−1F p0 (t)dt
)1/p
.
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.
Hence, f ∈ Lp(Rd) (see (8.9)).
(ii) In the special case b = 0 and q = ∞ we obtain the characterization of the
Sobolev space Hαp (R
d) = Lip
(α,0)
p,∞ (Rd) (see (2.6)) given in [DoTi18, Theorem 4.8],
‖f‖Hαp (Rd) ≍
(∫ 1
0
tdp−d−1F p0 (t)dt
)1/p
+
(∫ ∞
1
tαp+dp−d−1F p0 (t)dt
)1/p
, f ∈ ĜMd.
Proof of Theorem 8.7. We make use of the following description (see [GT, Corollary
4.1]) of the modulus of smoothness in terms of the Fourier transform for functions
in the ĜM
d
class
ωα(f, t)p ≍ tα
(∫ 1/t
0
uαp+dp−dF p0 (u)
du
u
)1/p
+
(∫ ∞
1/t
udp−dF p0 (u)
du
u
)1/p
.
Therefore,
(8.13)
(∫ 1
0
(t−α(1− log t)−bωα(f, t)p)q dt
t
)1/q
= I + II
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where
I =
∫ 1
0
(1− log t)−bq
(∫ 1/t
0
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
1/q
and
II =
∫ 1
0
t−αq(1− log t)−bq
(∫ ∞
1/t
udp−dF p0 (u)
du
u
)q/p
dt
t
1/q .
A simple change of variables yields that
I =
(∫ ∞
1
(1 + log t)−bq
(∫ t
0
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
≍
(∫ 1
0
uαp+dp−dF p0 (u)
du
u
)1/p
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
where we have also used that b > 1/q. Hence, we have(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
. I
.
(∫ 1
0
udp−dF p0 (u)
du
u
)1/p
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.(8.14)
We claim that
II =
(∫ ∞
1
tαq(1 + log t)−bq
(∫ ∞
t
udp−dF p0 (u)
du
u
)q/p dt
t
)1/q
.
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.(8.15)
To prove (8.15), we shall distinguish two possible cases. Firstly, assume q ≥ p.
Then, applying Hardy’s inequality and monotonicity properties of GM functions
(see (8.5)), we get
II .
(∫ ∞
1
tαq+dq−dq/p(1 + log t)−bqF q0 (t)
dt
t
)1/q
.
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.
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Suppose now q < p. By monotonicity properties,
II ≍
 ∞∑
i=0
2iαq(1 + i)−bq
 ∞∑
j=i
2j(d−d/p)pF p0 (2
j)
q/p

1/q
≤
 ∞∑
i=0
2iαq(1 + i)−bq
∞∑
j=i
2j(d−d/p)qF q0 (2
j)
1/q
≍
 ∞∑
j=0
2j(d−d/p)qF q0 (2
j)2jαq(1 + j)−bq
1/q
≍
(∫ ∞
1
tαq+dq−dq/p(1 + log t)−bqF q0 (t)
dt
t
)1/q
.
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.
According to (8.13), (8.14), (8.15), we estimate(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.
(∫ 1
0
(t−α(1− log t)−bωα(f, t)p)q dt
t
)1/q
(8.16)
.
(∫ 1
0
udp−dF p0 (u)
du
u
)1/p
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.
Finally, the desired characterization (8.11) follows from (2.3), (8.16), (8.9) and
(8.12). 
The next result is a direct consequence of Theorems 8.5 and 8.7.
Corollary 8.9. Let α > 0, 2dd+1 < p <∞ and b > 1/p. Then,
Lip(α,−b)p,p (R
d) ∩ ĜMd = Bα,−b+1/pp,p (Rd) ∩ ĜM
d
.
We now turn our attention to characterizations of Besov and Lipschitz norms for
periodic functions. This will be done with the help of general monotone sequences.
Recall that the sequence a = {an}n∈N is called general monotone, written a ∈ GM ,
if there is a constant C > 0 such that
2n−1∑
k=n
|∆ak| ≤ C|an| for all n ∈ N.
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Here ∆ak = ak−ak+1 and the constant C is independent of n. It is proved in [Ti07,
p. 725] that a ∈ GM if and only if
(8.17) |aν | . |an| for n ≤ ν ≤ 2n
and
N∑
k=n
|∆ak| . |an|+
N∑
k=n+1
|ak|
k
for any n < N.
The characterization of Besov norms for Fourier series with monotone coefficients
was obtained in [DoTi18, Theorem 4.22]. It reads as follows.
Theorem 8.10 (Characterization of Besov norms for Fourier series with
GM coefficients). Let 1 < p < ∞, 0 < q ≤ ∞, and −∞ < s, b < ∞. Let the
Fourier series of f ∈ L1(T) be given by
f(x) ∼
∞∑
n=1
(an cosnx+ bn sinnx)
where {an}n∈N, {bn}n∈N are non-negative general monotone sequences. Then
(8.18) ‖f‖
Bs,bp,q(T)
≍
(
∞∑
n=1
nsq+q−q/p−1(1 + log n)bq(aqn + b
q
n)
)1/q
.
Remark 8.11. The Hardy-Littlewood theorem for Fourier series whose sequence of
Fourier coefficients is non-negative general monotone was obtained in [Ti07, Theorem
4.2]. Namely, if
f(x) ∼
∞∑
n=1
(an cosnx+ bn sinnx), {an}n∈N, {bn}n∈N ∈ GM, an, bn ≥ 0,
then
(8.19) ‖f‖Lp(T) ≍
(
∞∑
n=1
np−2(apn + b
p
n)
)1/p
, 1 < p <∞.
Let s > 0. It is plain to check that, for any positive q,
(8.20)
(
∞∑
n=1
np−2(apn + b
p
n)
)1/p
.
(
∞∑
n=1
nsq+q−q/p−1(1 + log n)bq(aqn + b
q
n)
)1/q
.
Consequently, if the right-hand side of (8.18) is finite then f ∈ Lp(T) (see (8.19)).
Next we establish the periodic counterpart of Theorem 8.7.
Theorem 8.12 (Characterization of Lipschitz norms for Fourier series with
GM coefficients). Let 1 < p <∞, 0 < q ≤ ∞, α > 0, and b > 1/q (b ≥ 0 if q =∞).
Let the Fourier series of f ∈ L1(T) be given by
f(x) ∼
∞∑
n=1
(an cosnx+ bn sinnx)
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where {an}n∈N, {bn}n∈N are non-negative general monotone sequences. Then
(8.21) ‖f‖
Lip
(α,−b)
p,q (T)
≍
 ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
kαp+p−2(apk + b
p
k)
)q/p
1
n
1/q .
Remark 8.13. (i) If the right-hand side of (8.21) is finite then f ∈ Lp(T). Indeed,
by monotonicity properties (see (8.17)),(
∞∑
n=1
nαq+q−q/p−1(1 + log n)−bq(aqn + b
q
n)
)1/q
.
 ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
kαp+p−1(apk + b
p
k)
1
k
)q/p
1
n
1/q(8.22)
and so, by (8.20),
(8.23)(
∞∑
n=1
np−2(apn + b
p
n)
)1/p
.
 ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
kαp+p−1(apk + b
p
k)
1
k
)q/p
1
n
1/q .
Therefore, f ∈ Lp(T) (see (8.19)).
(ii) Setting b = 0 and q = ∞ in (8.21) we recover the characterization of the
periodic Sobolev space Hαp (T) = Lip
(α,0)
p,∞ (T) given in [DoTi18, Theorem 4.25],
‖f‖Hαp (T) ≍
(
∞∑
n=1
nαp+p−2(apn + b
p
n)
)1/p
, {an}n∈N ∈ GM.
Proof of Theorem 8.12. We shall rely on the following characterization of the moduli
of smoothness for Fourier series with general monotone coefficients
(8.24) ωα
(
f,
1
n
)
p
≍ n−α
(
n∑
k=1
kαp+p−2(apk + b
p
k)
)1/p
+
(
∞∑
k=n+1
kp−2(apk + b
p
k)
)1/p
.
See [Ti07, Theorem 6.2].
In light of (8.24),
(8.25)
(∫ 1
0
(t−α(1− log t)−bωα(f, t)p)q dt
t
)1/q
≍ I + II,
where
I =
 ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
kαp+p−2(apk + b
p
k)
)q/p
1
n
1/q
and
II =
 ∞∑
n=1
nαq(1 + log n)−bq
(
∞∑
k=n
kp−2(apk + b
p
k)
)q/p
1
n
1/q .
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Obviously, we have
(8.26) I . ‖f‖
Lip
(α,−b)
p,q (T)
.
Conversely, if q ≥ p we can apply Hardy’s inequality to get
(8.27) II .
(
∞∑
n=1
nαq+q−q/p−1(1 + log n)−bq(aqn + b
q
n)
)1/q
. I,
where the last estimate follows from (8.22).
Next we deal with q < p. Since
k1−1/p(ak + bk) .
 ∞∑
j=k
j(1−1/p)q−1(aqj + b
q
j)
1/q
(see (8.17)), we have
k(1−1/p)(p−q)(ak + bk)
p−q .
 ∞∑
j=k
j(1−1/p)q−1(aj + bj)
q
(p−q)/q ,
which yields that(
∞∑
k=n
k(1−1/p)p−1(apk + b
p
k)
)1/p
.
(
∞∑
k=n
k(1−1/p)q−1(aqk + b
q
k)
)1/q
.
Changing the order of summation and applying (8.22), we derive
II .
(
∞∑
n=1
nαq(1 + log n)−bq
∞∑
k=n
k(1−1/p)q−1(aqk + b
q
k)
1
n
)1/q
≍
(
∞∑
k=1
k(α+1−1/p)q−1(1 + log k)−bq(aqk + b
q
k)
)1/q
. I.(8.28)
Hence, by (8.27) and (8.28),
(8.29) II . I.
Combining (8.19), (8.23), (8.25) and (8.29) we arrive at ‖f‖
Lip
(α,−b)
p,q (T)
. I and so,
by (8.26),
‖f‖
Lip
(α,−b)
p,q (T)
≍ I,
that is, (8.21) holds.

9. Optimality
Our first goal is to show the optimality of the embeddings given in Theorem 4.4.
More precisely, we obtain the following
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Theorem 9.1. Let α > 0, 2dd+1 < p0 < p < p1 < ∞, 0 < q, r ≤ ∞, b > 1/q and
−∞ < ξ <∞. Then,
(9.1) Bα+d(1/p0−1/p),−b+ξp0,q (R
d) →֒ Lip(α,−b)p,q (Rd) ⇐⇒ ξ ≥ 1/min{p, q},
(9.2) Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+ξp1,q (Rd) ⇐⇒ ξ ≤ 1/max{p, q},
(9.3) Bα+d(1/p0−1/p),−b+1/qp0,r (R
d) →֒ Lip(α,−b)p,q (Rd) ⇐⇒ r ≤ min{p, q},
(9.4) Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+1/qp1,r (Rd) ⇐⇒ r ≥ max{p, q}.
Proof. We shall consider four cases.
Case 1: Regarding (9.1), we will show that ξ = 1/min{p, q} is the best possible
loss of logarithmic smoothness for which the following embedding holds
Bα+d(1/p0−1/p),−b+ξp0,q (R
d) →֒ Lip(α,−b)p,q (Rd).
We will proceed by contradiction, i.e., suppose that there exists ε > 0 such that
(9.5) Bα+d(1/p0−1/p),−b+1/min{p,q}−εp0,q (R
d) →֒ Lip(α,−b)p,q (Rd).
First, we assume q ≤ p. Let θ ∈ (0, 1). According to (4.10), (9.5) and the interpola-
tion property,
(9.6)
(Bd(1/p0−1/p)p0,p (R
d), Bα+d(1/p0−1/p),−b+1/q−εp0,q (R
d))θ,q →֒ (Lp(Rd),Lip(α,−b)p,q (Rd))θ,q.
Next we identify these interpolation spaces. Concerning the target space, we can
apply (2.15), (2.20) and (2.12) to obtain
(Lp(R
d),Lip(α,−b)p,q (R
d))θ,q = (Lp(R
d), (Lp(R
d),Hαp (R
d))(1,−b),q)θ,q
= (Lp(R
d),Hαp (R
d))θ,q;θ(−b+1/q) = B
θα,θ(−b+1/q)
p,q (R
d).(9.7)
On the other hand, applying (2.9), one gets
(9.8)
(Bd(1/p0−1/p)p0,p (R
d), Bα+d(1/p0−1/p),−b+1/q−εp0,q (R
d))θ,q = B
θα+d(1/p0−1/p),θ(−b+1/q)−θε
p0,q (R
d).
Hence, by (9.6), (9.7) and (9.8), we get
Bθα+d(1/p0−1/p),θ(−b+1/q)−θεp0,q (R
d) →֒ Bθα,θ(−b+1/q)p,q (Rd),
which is not true for ε > 0 (see [Leo, Theorem 1] and [DoTi18, Remark 6.4]).
Assume now q > p. We let β such that −b+1/p+1/q− ε < β < −b+1/p+1/q.
Define
F0(t) =

1 , 0 < t < 1,
t−α+d/p−d(1 + log t)−β , t ≥ 1,
and f̂(ξ) = F0(|ξ|). Note that F0 ∈ GM and the radial component of f is given by
(8.7). According to (8.8),
‖f‖
B
α+d(1/p0−1/p),−b+1/p−ε
p0,q
(Rd)
≍
(∫ 1
0
tdp0−d−1dt
)1/p0
+
(∫ ∞
1
(1 + log t)(−b+1/p−ε−β)q
dt
t
)1/q
<∞.
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On the other hand, since∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
≍
∫ ∞
1
(1 + log t)(−b−β+1/p)q
dt
t
=∞,
it follows from (8.11) that f 6∈ Lip(α,−b)p,q (Rd). This contradicts (9.5).
Case 2: Let us show (9.2), that is, ξ = 1/max{p, q} is the optimal exponent
such that the following holds true
Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+ξp1,q (Rd).
We argue by contradiction. Suppose that there exists ε > 0 such that
(9.9) Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+1/max{p,q}+εp1,q (Rd).
Let q ≥ p and θ ∈ (0, 1). Since Lp(Rd) →֒ Bd(1/p1−1/p)p1,p (Rd) (see the right-hand
side embedding of (4.10) with α = 0), we have
(Lp(R
d),Lip(α,−b)p,q (R
d))θ,q →֒ (Bd(1/p1−1/p)p1,p (Rd), Bα+d(1/p1−1/p),−b+1/q+εp1,q (Rd))θ,q,
or equivalently (see (9.7) and (9.8)),
Bθα,θ(−b+1/q)p,q (R
d) →֒ Bθα+d(1/p1−1/p),θ(−b+1/q)+θεp1,q (Rd),
which fails to be true because ε > 0 (see [Leo, Theorem 1] and [DoTi18, Remark
6.4]). Therefore, (9.9) does not hold.
Suppose now (9.9) with q < p. Let
F0(t) =

1 , 0 < t < 1,
t−α+d/p−d(1 + log t)−β , t ≥ 1,
where −b+1/p+1/q < β < min{1/p,−b+1/p+1/q+ε} and f̂(ξ) = F0(|ξ|). Then,
according to (8.11),
‖f‖
Lip
(α,−b)
p,q (Rd)
≍
(∫ 1
0
tdp−d−1dt
)1/p
+
(∫ ∞
1
(1 + log t)(−b−β+1/p)q
dt
t
)1/q
<∞,
but f 6∈ Bα+d(1/p1−1/p),−b+1/p+εp1,q (Rd) because∫ ∞
1
(1 + log t)(−b+1/p+ε−β)q
dt
t
=∞
(see (8.8)).
Case 3: To show optimality in (9.3) we will argue by contradiction, that is,
assume that there exists r > min{p, q} such that
(9.10) Bα+d(1/p0−1/p),−b+1/qp0,r (R
d) →֒ Lip(α,−b)p,q (Rd).
We shall distinguish two cases. Firstly, suppose that p ≤ q and so, r > p. Consider
F0(t) =

1 , 0 < t < 1,
t−α+d/p−d(1 + log t)−β , t ≥ 1,
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where −b+ 1/q + 1/r < β < −b+ 1/q + 1/p. In virtue of (8.8), we get
‖f‖
B
α+d(1/p0−1/p),−b+1/q
p0,r
(Rd)
≍
(∫ 1
0
tdp0−d−1dt
)1/p0
+
(∫ ∞
1
(1 + log t)(−b+1/q−β)r
dt
t
)1/r
<∞.
On the other hand, since∫ ∞
1
(1 + log t)(−b−β+1/p)q
dt
t
=∞,
one can invoke (8.11) to derive f 6∈ Lip(α,−b)p,q (Rd). Hence, (9.10) does not hold.
Secondly, assume p > q and thus, r > q. Since the scale of Besov spaces is
increasing with respect to the fine index, i.e.,
Bα+d(1/p0−1/p),−b+1/qp0,r0 (R
d) →֒ Bα+d(1/p0−1/p),−b+1/qp0,r1 (Rd), r0 < r1,
we may assume, without loss of generality, that q < r < p. For each {an}n∈N
non-negative non-increasing sequence, we let F0 be the step function with F0(n) =
n−α−d+d/p+1/pa
1/p
n , n ∈ N and F0(t) = a1, t ∈ (0, 1). Clearly, F0 ∈ GM . It follows
from (9.10), (8.8) and (8.11) that(∫ ∞
1
(1 + log t)−bq
(∫ t
1
uαp+dp−dF p0 (u)
du
u
)q/p
dt
t
)1/q
.
(∫ 1
0
tdp0−d−1F p00 (t)dt
)1/p0
+
(∫ ∞
1
tαr+dr−dr/p−1(1 + log t)(−b+1/q)rF r0 (t)dt
)1/r
,
which implies, by monotonicity properties,
(9.11) ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
ak
)q/p
1
n
1/q . ( ∞∑
n=1
nr/p−1(1 + log n)(−b+1/q)rar/pn
)1/r
.
Note that (9.11) is a special case of Hardy-type inequalities for non-increasing se-
quences, which have been completely characterized in [BeGE]. In particular, the
following result can be found in [BeGE, Theorem 2].
Lemma 9.2. Let {λn}n∈N, {γn}n∈N be non-negative sequences and let 0 < u < v ≤
1. Set 1w =
1
u − 1v and Γn =
∑n
k=1 γk, n ∈ N. Then, the inequality holds
(9.12)
(
∞∑
n=1
λn
(
n∑
k=1
ak
)u)1/u
.
(
∞∑
n=1
γna
v
n
)1/v
for all non-negative non-increasing sequences {an}n∈N, if and only if
(9.13)
∞∑
n=1
nuλn
(
1
Γn
n∑
k=1
kuλk
)w/v
<∞
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and
(9.14)
∞∑
n=1
λn
(
∞∑
k=n
λk
)w/v
max
k≤n
(
kv
Γk
)w/v
<∞.
Inequality (9.11) is a particular case of (9.12) with
λn = (1 + log n)
−bqn−1, γn = (1 + log n)
(−b+1/q)rnr/p−1,
u = q/p, v = r/p.
By assumptions, 0 < u < v < 1. Further, the conditions (9.13) and (9.14) read
∞∑
n=1
nuλn
(
1
Γn
n∑
k=1
kuλk
)w/v
=
∞∑
n=1
(1 + log n)−
r
r−q
1
n
<∞
and
∞∑
n=1
λn
(
∞∑
k=n
λk
)w/v
max
k≤n
(
kv
Γk
)w/v
=
∞∑
n=1
1
(1 + log n)n
=∞.
Applying the characterization given in Lemma 9.2 we conclude that (9.11) fails to
be true for all non-negative non-increasing sequences {an}n∈N. Hence, (9.10) does
not hold true.
Case 4: It remains to show (9.4). Assume that there exists r < max{p, q} such
that
(9.15) Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+1/qp1,r (Rd).
Firstly, let p ≥ q. Define
F0(t) =

1 , 0 < t < 1,
t−α+d/p−d(1 + log t)−β , t ≥ 1,
where −b+ 1/q + 1/p < β < min{1/p,−b+ 1/q + 1/r}. In light of (8.8) and (8.11),
we have
‖f‖
Lip
(α,−b)
p,q (Rd)
≍
(∫ 1
0
tdp−d−1dt
)1/p
+
(∫ ∞
1
(1 + log t)−bq−βq+q/p
dt
t
)1/q
<∞
and
‖f‖
B
α+d(1/p1−1/p),−b+1/q
p1,r
(Rd)
&
(∫ ∞
1
(1 + log t)(−b+1/q−β)r
dt
t
)1/r
=∞,
which contradicts (9.15).
Suppose now that p < q. Note that it will be enough to show that (9.15) fails
to be true with p < r < q. Let g be a measurable function on Rd and define
F0(t) = (g
∗(t))1/p and f(x) = f0(|x|) where f0 is given by (8.7). Then, f ∈ ĜM
d
.
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According to (9.15), Theorems 8.5 and 8.7, we have(∫ ∞
1
tαr+dr−dr/p−1(1 + log t)(−b+1/q)r(g∗(t))r/pdt
)p/r
.
∫ 1
0
tdp−d−1g∗(t)dt
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
sαp+dp−dg∗(s)
ds
s
)q/p
dt
t
)p/q
.
Therefore, the inequality
(9.16)
(∫ ∞
0
w(t)(g∗(t))r/pdt
)p/r
.
(∫ ∞
0
v(t)
(
1
U(t)
∫ t
0
u(s)g∗(s)ds
)q/p
dt
)p/q
holds for every measurable function g with
w(t) =

0, 0 < t < 1,
tαr+dr−dr/p−1(1 + log t)(−b+1/q)r , t ≥ 1,
v(t) =
 t
dq−dq/p−1, 0 < t < 1,
tαq+dq−dq/p−1(1 + log t)−bq, t ≥ 1,
u(t) =
 t
dp−d−1, 0 < t < 1,
tαp+dp−d−1, t ≥ 1,
and U(t) =
∫ t
0 u(s)ds.
Next we will show that (9.16) cannot be true, which yields a contradiction.
Indeed, we apply the following characterization of the converse Hardy inequality.
Lemma 9.3 ([GoPi, Theorem 4.2]). Let 1 ≤ R < Q < ∞ and P = QR/(Q −
R). Let u, v, w be non-negative measurable functions on [0,∞) and let U(t) =∫ t
0 u(s)ds, V (t) =
∫ t
0 v(s)ds,W (t) =
∫ t
0 w(s)ds. Assume that
(9.17)
∫ ∞
0
u(t)dt =∞,
∫ 1
0
v(t)
UQ(t)
dt =
∫ ∞
1
v(t)dt =∞,
and
(9.18)
∫ ∞
0
v(s)
UQ(s) + UQ(t)
ds <∞, t > 0.
Then, the inequality(∫ ∞
0
w(t)(g∗(t))Rdt
)1/R
.
(∫ ∞
0
v(t)
(
1
U(t)
∫ t
0
u(s)g∗(s)ds
)Q
dt
)1/Q
holds for all measurable functions g if and only if
(9.19)∫ ∞
0
U(t)P supy≥t U(y)
−PW (y)P/R(
V (t) + U(t)Q
∫∞
t U(s)
−Qv(s)ds
)P
Q
+2
V (t)
∫ ∞
t
U(s)−Qv(s) ds d(UQ(t)) <∞.
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Set R = r/p and Q = q/p. By assumption, 1 < R < Q. Further, direct
calculations show that (9.17) and (9.18) are fulfilled. Therefore, in virtue of Lemma
9.3, inequality (9.16) does not hold because∫ ∞
1
U(t)P supy≥t U(y)
−PW (y)P/R(
V (t) + U(t)Q
∫∞
t U(s)
−Qv(s)ds
)P
Q
+2
V (t)
∫ ∞
t
U(s)−Qv(s) ds d(UQ(t))
≍
∫ ∞
1
dt
(1 + log t)t
=∞.
Consequently, r ≥ q. 
Our next aim is to show the optimality of Theorem 4.1. Namely, we obtain the
following result.
Theorem 9.4. Let α > 0, 2dd+1 < p < ∞, 0 < q, r ≤ ∞, b > 1/q and −∞ < ξ < ∞.
Then,
(9.20) Bα,−b+ξp,q (R
d) →֒ Lip(α,−b)p,q (Rd) ⇐⇒ ξ ≥ 1/min{2, p, q},
(9.21) Lip(α,−b)p,q (R
d) →֒ Bα,−b+ξp,q (Rd) ⇐⇒ ξ ≤ 1/max{2, p, q},
(9.22) Bα,−b+1/qp,r (R
d) →֒ Lip(α,−b)p,q (Rd) ⇐⇒ r ≤ min{2, p, q},
(9.23) Lip(α,−b)p,q (R
d) →֒ Bα,−b+1/qp,r (Rd) ⇐⇒ r ≥ max{2, p, q}.
Proof. We start by showing (9.20). Assume first that
Bα,−b+ξp,q (R
d) →֒ Lip(α,−b)p,q (Rd)
holds with either min{2, p, q} = p or min{2, p, q} = q. Let 2dd+1 < p0 < p. In light of
the embeddings
(9.24) Bα+d(1/p0−1/p),−b+ξp0,q (R
d) →֒ Bα,−b+ξp,q (Rd)
(see (5.4)), we derive
Bα+d(1/p0−1/p),−b+ξp0,q (R
d) →֒ Lip(α,−b)p,q (Rd)
which, by (9.1), implies that ξ ≥ 1min{p,q} = 1min{2,p,q} .
Suppose now that min{2, p, q} = 2. We will show that given any ε > 0, there
exists f ∈ Bα,−b+1/2−εp,q (Rd) such that f 6∈ Lip(α,−b)p,q (Rd). Indeed, we define
f(x) ∼
∞∑
j=3
2−jα(1 + j)−βei(2
j−2)x1ψ(x), x ∈ Rd,
where −b + 1/q + 1/2 − ε < β < −b + 1/q + 1/2 and ψ ∈ S(Rd)\{0} with (8.1).
According to Theorems 8.1 and 8.2, we have
‖f‖q
B
α,−b+1/2−ε
p,q (Rd)
≍
∞∑
j=3
(1 + j)(−b+1/2−ε−β)q <∞
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and
‖f‖q
Lip
(α,−b)
p,q (Rd)
≍
∞∑
k=3
(1 + k)−bq
 k∑
j=3
(1 + j)−2β
q/2
≍
∞∑
k=3
(1 + k)−bq−βq+q/2 =∞.
We deal with (9.21). Suppose that either max{2, p, q} = p or max{2, p, q} = q
and the following embedding
Lip(α,−b)p,q (R
d) →֒ Bα,−b+ξp,q (Rd)
holds. Let p < p1 <∞. Then, by (9.24),
Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+ξp1,q (Rd),
which implies ξ ≤ 1/max{p, q} = 1/max{2, p, q} (see (9.2)).
Let max{2, p, q} = 2. Assume that there exists ε > 0 for which
Lip(α,−b)p,q (R
d) →֒ Bα,−b+1/2+εp,q (Rd).
This yields a contradiction. Indeed, set
f(x) ∼
∞∑
j=3
2−jα(1 + j)−βei(2
j−2)x1ψ(x), x ∈ Rd,
where −b+1/q + 1/2 < β < min{1/2,−b+ 1/q +1/2 + ε}. Applying Theorems 8.1
and 8.2,
‖f‖q
Lip
(α,−b)
p,q (Rd)
≍
∞∑
k=3
(1 + k)−bq−βq+q/2 <∞,
but
‖f‖q
B
α,−b+1/2+ε
p,q (Rd)
≍
∞∑
j=3
(1 + j)−bq+q/2+εq−βq =∞.
The proof of (9.21) is complete.
Next we treat (9.22). Firstly, assume that either min{2, p, q} = p or min{2, p, q} =
q. Let 2dd+1 < p0 < p. If
Bα,−b+1/qp,r (R
d) →֒ Lip(α,−b)p,q (Rd)
then (see (9.24))
Bα+d(1/p0−1/p),−b+1/qp0,r (R
d) →֒ Lip(α,−b)p,q (Rd).
According to (9.3), r ≤ min{p, q} = min{2, p, q}.
Secondly, suppose that min{2, p, q} = 2 and there exists r > 2 such that
Bα,−b+1/qp,r (R
d) →֒ Lip(α,−b)p,q (Rd).
Let
f(x) ∼
∞∑
j=3
2−jα(1 + j)−βei(2
j−2)x1ψ(x), x ∈ Rd,
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where −b+ 1/q + 1/r < β < −b+ 1/q + 1/2. Then, in virtue of Theorems 8.1 and
8.2,
‖f‖r
B
α,−b+1/q
p,r (Rd)
≍
∞∑
j=3
(1 + j)−br+r/q−βr <∞
and
‖f‖q
Lip
(α,−b)
p,q (Rd)
≍
∞∑
k=3
(1 + k)−bq−βq+q/2 =∞,
which is not possible.
It remains to show (9.23). Assume that
Lip(α,−b)p,q (R
d) →֒ Bα,−b+1/qp,r (Rd)
where either max{2, p, q} = p or max{2, p, q} = q. In particular, by (9.24),
Lip(α,−b)p,q (R
d) →֒ Bα+d(1/p1−1/p),−b+1/qp1,r (Rd), p1 > p.
Then, (9.4) implies r ≥ max{p, q} = max{2, p, q}.
Let max{2, p, q} = 2. Suppose now that
Lip(α,−b)p,q (R
d) →֒ Bα,−b+1/qp,r (Rd)
for some r < 2. However this is not possible, as the following counterexample shows.
Let
f(x) ∼
∞∑
j=3
2−jα(1 + j)−βei(2
j−2)x1ψ(x), x ∈ Rd,
where −b+1/q+1/2 < β < −b+1/q+1/r. Therefore, Theorems 8.1 and 8.2 yield
that
‖f‖q
Lip
(α,−b)
p,q (Rd)
≍
∞∑
k=3
(1 + k)−bq−βq+q/2 <∞
and
‖f‖r
B
α,−b+1/q
p,r (Rd)
≍
∞∑
j=3
(1 + j)−br+r/q−βr =∞.

It was shown in Theorem 4.1 that
Lip
(α,−b)
2,2 (R
d) = B
α,−b+1/2
2,2 (R
d), b > 1/2.
In fact, our next result asserts that this is the only possible case where Lipschitz
spaces and Besov spaces coincide. More precisely, we have the following
Theorem 9.5. Let 2dd+1 < p < ∞, 0 < q ≤ ∞, α > 0, b > 1/q, and −∞ < ξ < ∞.
Then,
Lip(α,−b)p,q (R
d) = Bα,ξp,q (R
d) ⇐⇒ p = q = 2 and ξ = −b+ 1/2.
Proof. Assume that
Lip(α,−b)p,q (R
d) = Bα,ξp,q (R
d).
Thus,
(9.25) (Lp(R
d),Lip(α,−b)p,q (R
d))θ,q = (Lp(R
d), Bα,ξp,q (R
d))θ,q, 0 < θ < 1.
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It is an immediate consequence of
B0p,min{2,p}(R
d) →֒ Lp(Rd) →֒ B0p,max{2,p}(Rd)
(see (4.1)) and (2.9) that
(9.26) (Lp(R
d), Bα,ξp,q (R
d))θ,q = B
θα,θξ
p,q (R
d).
On the other hand, it follows from (2.15), (2.20) and (2.12) that
(Lp(R
d),Lip(α,−b)p,q (R
d))θ,q = (Lp(R
d), (Lp(R
d),Hαp (R
d))(1,−b),q)θ,q
= (Lp(R
d),Hαp (R
d))θ,q;θ(−b+1/q) = B
θα,θ(−b+1/q)
p,q (R
d).(9.27)
Combining (9.25), (9.26) and (9.27), we arrive at
Bθα,θ(−b+1/q)p,q (R
d) = Bθα,θξp,q (R
d).
This implies ξ = −b+ 1/q and so
(9.28) Lip(α,−b)p,q (R
d) = Bα,−b+1/qp,q (R
d).
Next we show by contradiction that p = q. Specifically, we will prove that if p 6= q
then (9.28) fails to be true. Let
F0(t) =

1 , 0 < t < 1,
t−α+d/p−d(1 + log t)−β , t ≥ 1,
and f̂(ξ) = F0(|ξ|). Here, β is a real number, which depends on b, p and q, to be
chosen. Assume for example that q < p. Then, we let −b + 1/p + 1/q < β <
min{1/p,−b+ 2/q}. Invoking Theorems 8.7 and 8.5, one obtains
‖f‖
Lip
(α,−b)
p,q (Rd)
≍
(∫ 1
0
tdp−d−1dt
)1/p
+
(∫ ∞
1
(1 + log t)−bq−βq+q/p
dt
t
)1/q
<∞,
but
‖f‖
B
α,−b+1/q
p,q (Rd)
&
(∫ ∞
1
(1 + log t)−bq+1−βq
dt
t
)1/q
=∞.
The case q > p can be treated analogously by taking −b+2/q < β < −b+1/p+1/q.
Consequently, by (9.28), we have
(9.29) Lip(α,−b)q,q (R
d) = Bα,−b+1/qq,q (R
d).
Finally, we will show that q = 2. We proceed by contradiction. Assume first that
q < 2. Let
f(x) ∼
∞∑
j=3
2−jα(1 + j)−βei(2
j−2)x1ψ(x), x ∈ Rd,
where −b+ 1/q + 1/2 < β < min{−b+ 2/q, 1/2} and ψ ∈ S(Rd)\{0} with (8.1). In
virtue of Theorems 8.1 and 8.2, we have
‖f‖
Lip
(α,−b)
q,q (Rd)
≍
(
∞∑
k=3
(1 + k)−bq−βq+q/2
)1/q
<∞
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and
‖f‖
B
α,−b+1/q
q,q (Rd)
≍
(
∞∑
k=3
(1 + k)−bq+1−βq
)
=∞.
The case q > 2 can be done in a similar way. Hence, q = 2 and the proof is complete.

The following result establishes the optimality of Theorem 5.1.
Theorem 9.6. Let 1 < p <∞, αi > 0, 0 < qi ≤ ∞, and bi > 1/qi, i = 0, 1. Then,
Lip(α0,−b0)p,q0 (R
d) →֒ Lip(α1,−b1)p,q1 (Rd) ⇐⇒

α0 > α1,
α0 = α1, b1 − 1q1 > b0 − 1q0 ,
α0 = α1, b1 − 1q1 = b0 − 1q0 , q0 ≤ q1.
The corresponding result for periodic spaces also holds true.
Proof. Assume that
(9.30) Lip(α0,−b0)p,q0 (R
d) →֒ Lip(α1,−b1)p,q1 (Rd).
Consider the Fourier series
f(x) =
∞∑
j=3
aje
i(2j−2)x1 , x ∈ Rd,
where ψ ∈ S(Rd)\{0} with (8.1) and for some (aj) to be chosen.
For N ≥ 3, we let
aj =
 1, 1 ≤ j ≤ N,
0, j > N.
Elementary computations yield ∞∑
k=3
(1 + k)−biqi
( k∑
j=3
2jαi2|aj |2
)qi/21/qi ≍ 2Nαi(1 +N)−bi+1/qi , i = 0, 1.
Therefore, by Theorem 8.2 and (9.30), we have
2Nα1(1 +N)−b1+1/q1 ≍ ‖f‖
Lip
(α1,−b1)
p,q1
(Rd)
. ‖f‖
Lip
(α0,−b0)
p,q0
(Rd)
≍ 2Nα0(1 +N)−b0+1/q0 ,
which implies that either α0 > α1 or α0 = α1, b0 − 1/q0 ≤ b1 − 1/q1. Next we show
that if α = α0 = α1 and b = b0 − 1/q0 = b1 − 1/q1 then q0 ≤ q1. We shall proceed
by contradiction. Suppose that q0 > q1 and let
aj = 2
−jα(1 + j)b−1/2(1 + log(1 + j))−ε, 1/q0 < ε < 1/q1.
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Applying again Theorem 8.2, we have
‖f‖q1
Lip
(α,−b1)
p,q1
(Rd)
≍
∞∑
k=3
(1 + k)−b1q1
( k∑
j=3
(1 + j)2b−1(1 + log(1 + j))−2ε
)q1/2
≍
∞∑
k=3
(1 + log(1 + k))−εq1
1
k + 1
=∞
and
‖f‖q0
Lip
(α,−b0)
p,q0
(Rd)
≍
∞∑
k=3
(1 + log(1 + k))−εq0
1
k + 1
<∞,
which contradicts (9.30). 
The sharpness of Theorem 5.5 is given below.
Theorem 9.7. Let 1 < p < ∞, 0 < α1 < α0 < ∞, α0 − 1 = α1 − 1/p and −∞ <
ξ <∞. Then, we have
Lip
(α0,0)
1,∞ (T) →֒ Lip(α1,−ξ)p,∞ (T) ⇐⇒ ξ ≥ 1/p.
In particular,
BV(T) →֒ Lip(1/p,−ξ)p,∞ (T) ⇐⇒ ξ ≥ 1/p.
Proof. Define f such that
f (α0)(x) =
∞∑
n=1
an cos nx,
where {an}n∈N is a convex null-sequence of positive numbers to be chosen. Here,
f (α0) denotes the fractional derivative in the sense of Weyl of order α0 > 0 of the
integrable function f (see [Zy, XII, Section 8, page 134]). Hence, by [Zy, V, (1.5),
page 183], one gets f (α0), f ∈ L1(T). Therefore we can apply [BDGS, Lemma 6(v),
page 788]:
ωα0(f, t)1 . t
α0
∥∥f (α0)∥∥
L1(T)
,
which yields that f ∈ Lip(α0,0)1,∞ (T) and, thus,
ωα1(f, t)p . t
α1
(
1− log t
)ξ
.
Let Sn(f) stand for the n-th partial sum of the Fourier series of f . Using the
realization of the K-functional [SiTi1],
(9.31) ωα1(f, t)p ≍ ‖f − S[1/t](f)‖Lp(T) + tα1
∥∥∥(S[1/t](f))(α1)∥∥∥
Lp(T)
, 0 < t < 1,
we have
ωα1(f, t)p & t
α1
∥∥∥(S[1/t](f))(α1)∥∥∥
Lp(T)
.
Therefore, by Hardy-Littlewood’s theorem [Zy, XII, Section 6, (6.6), page 129] (see
also (8.19)),
ωα1(f, t)p & t
α1
∥∥∥ [1/t]∑
n=1
nα1
an
nα0
cos nx
∥∥∥
Lp(T)
& tα1
[1/t]∑
n=1
apn
1
n
1/p .
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By the monotonicity of {an}n∈N,
ωα1(f, t)p & t
α1a[1/t]
(
1− log t
)1/p
.
Hence, we have arrived at the estimate(
1− log t
)ξ
≥ C a[1/t]
(
1− log t
)1/p
.
Let us show that if ξ < 1/p, then there exists a convex null-sequence {an}n∈N
such that
(9.32) a[1/t]
(
1− log t
)1/p−ξ
→∞ as t→ 0,
which contradicts the previous estimate. Indeed, we define
cn =
√
1(
1 + log n
)1/p−ξ → 0 as n→∞.
Then it is enough to take a positive sequence an (see, e.g., [Zy, Chapter V, Section
1, page 184]) such that
cn ≤ an and an is a convex null-sequence.
Thus, (9.32) holds and therefore ξ ≥ 1/p. 
The optimality of Theorem 5.8 is given in the next result.
Theorem 9.8. Let 1 < p < ∞, 0 < α < ∞, 0 < q ≤ ∞, b > 1/q (b ≥ 0 if q = ∞)
and −∞ < ξ <∞. Then, we have
Lip(α+1/p,−b)p,q (T) →֒ Lip(α,−b−ξ)∞,q (T) ⇐⇒ ξ ≥ 1− 1/p.
Proof. Let 0 < q ≤ ∞ and b > 1/q. We shall proceed by contradiction, that is,
suppose that the following holds
(9.33) Lip(α+1/p,−b)p,q (T) →֒ Lip(α,−b−ξ)∞,q
for some ξ < 1− 1/p. Assume first that α 6= 2l − 1, l ∈ N. Define then
f(x) =
∞∑
n=1
cosnx
n1+α
(
1 + log n
)−b+ε , 1p + 1q < ε < min{1p + b,−ξ + 1 + 1q}.
Clearly, f ∈ C(T). For ν ∈ N, applying the realization result given in (9.31), we
obtain
ωα+1/p(f, 1/ν)p ≍ ν−(α+1/p)
∥∥∥∥∥
ν∑
n=1
nα+1/p
cosnx
n1+α
(
1 + log n
)−b+ε
∥∥∥∥∥
Lp(T)
+
∥∥∥∥∥
∞∑
n=ν+1
cosnx
n1+α
(
1 + log n
)−b+ε
∥∥∥∥∥
Lp(T)
.
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Using Hardy-Littlewood’s theorem on monotone Fourier coefficients (to estimate the
second term, we apply [DyTi, Theorem 3 (A)]), we derive
ωα+1/p(f, 1/ν)p . ν
−(α+1/p)
(
ν∑
n=1
n(1/p−1)p+p−2(
1 + log n
)(−b+ε)p
)1/p
+
(
ν(−α−1)p+p−1(
1 + log ν
)(−b+ε)p + ∞∑
n=ν+1
n(−α−1)p+p−2(
1 + log n
)(−b+ε)p
)1/p
. ν−(α+1/p)(1 + log ν)b−ε+1/p
because ε < b+ 1/p. Thus,
ωα+1/p(f, t)p . t
α+1/p(1− log t)b−ε+1/p, 0 < t < 1.
This yields that f ∈ Lip(α+1/p,−b)p,q (T) because∫ 1
0
(t−α−1/p(1− log t)−bωα+1/p(f, t)p)q
dt
t
.
∫ 1
0
(1− log t)(−ε+1/p)q dt
t
<∞.
Next we estimate ωα(f, t)∞ from below. This will be done by using Corollary
4.4.1 from [Ti08]: for f(x) =
∑
n bn cosnx and g(x) =
∑
n bn sinnx with {bn} being
a general monotone (or just monotone) sequence, we have
ωβ
(
f,
1
n
)
∞
≍ n−β
n∑
m=1
mβbm +
∞∑
m=n
bm for β 6= 2l − 1 (l ∈ N),(9.34)
ωβ
(
g,
1
n
)
∞
≍ n−β
n∑
m=1
mβbm +max
m≥n
(mbm) for β 6= 2l (l ∈ N).(9.35)
Taking into account (9.34), we have
ωα(f, t)∞ & t
α
[1/t]∑
k=1
kα
k1+α
(
1 + log k
)−b+ε & tα(1− log t)1+b−ε
because ε < b+ 1. Hence∫ 1
0
(t−α(1− log t)−b−ξωα(f, t)∞)q dt
t
&
∫ 1
0
(1− log t)(−ξ−ε+1)q dt
t
=∞.
This contradicts (9.33).
In the case α = 2l − 1, l ∈ N, we proceed similarly and consider
f(x) =
∞∑
n=1
sinnx
n1+α
(
1 + log n
)−b+ε , 1p + 1q < ε < min{1p + b,−ξ + 1 + 1q},
taking into account (9.35) in place of (9.34).
The proof for q =∞ and b = 0 follows similar ideas as above but now taking
f(x) =
∞∑
n=1
cosnx
n1+α
(
1 + log n
)ε , 1p < ε < 1.
We leave further details to the reader. 
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10. Growth properties of Lipschitz functions
The goal of this section is to study the growth properties of functions in Lipschitz
spaces. Specifically, in Sections 10.1 and 10.2 we characterize embeddings into the
space of bounded (continuous) functions and Lr(R
d). Sections 10.3 and 10.4 concern
embeddings of Lipschitz spaces into Lorentz–Zygmund and r.i. spaces, respectively.
10.1. Embeddings into L∞. For the convenience of the reader, we start by re-
calling the characterizations of the embeddings from Besov and Sobolev spaces into
L∞(R
d). For further details, as well as extensions to function spaces of generalized
smoothness, we refer the reader to [Kal], [SiTr, Theorem 3.3.1], [Tri01, Theorem
11.4] and [CaM04a, Proposition 3.13].
Proposition 10.1. (i) Let 1 ≤ p ≤ ∞, 0 < q ≤ ∞, and −∞ < s <∞. Then,
(10.1) Bsp,q(R
d) →֒ L∞(Rd) ⇐⇒

s > dp
or
s = dp and q ≤ 1.
(ii) Let 1 < p <∞ and α > 0. Then,
(10.2) Hαp (R
d) →֒ L∞(Rd) ⇐⇒ α > d
p
.
In (10.1) and (10.2) one can replace the space L∞(R
d) by C(Rd).
Accordingly we characterize embeddings into L∞(R
d) for Lipschitz spaces.
Theorem 10.2. Let α > 0, 1 < p <∞, 0 < q ≤ ∞, and b > 1/q. Then,
Lip(α,−b)p,q (R
d) →֒ L∞(Rd) ⇐⇒ α > d/p,
where L∞(R
d) can be replaced by C(Rd).
The corresponding result for periodic spaces also holds true.
Proof. Let α > d/p. Applying the embedding (see (5.2))
Bα,bp,q (R
d) →֒ Bd/pp,1 (Rd), −∞ < b <∞,
and (4.3), we have
Lip(α,−b)p,q (R
d) →֒ Bα,−b+1/max{2,p,q}p,q (Rd) →֒ Bd/pp,1 (Rd).
Now, it follows from (10.1) that Lip
(α,−b)
p,q (Rd) →֒ L∞(Rd).
Next we prove the sharpness assertion. We first remark that
Hαp (R
d) →֒ Lip(α,−b)p,q (Rd).
This is an immediate consequence of (2.6). Hence, if Lip
(α,−b)
p,q (Rd) →֒ L∞(Rd) holds
then, in particular,
Hαp (R
d) →֒ L∞(Rd),
which implies α > d/p (see (10.2)). 
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Remark 10.3. Recall that the introduction and study of the spaces Lip
(1,−b)
p,q (Rd)
in [Har] was closely connected with the theory of growth and continuity envelopes,
EG(X) and EC(X), respectively, with X = Lip
(1,−b)
p,q (Rd). This theory was started in
[Tri01, Har] and aims at a finer (and, simultaneously, easy to access) characterization
of unboundedness and smoothness features of function spaces. In particular, the
growth envelope function of a function space X is defined by
EXG (t) = sup
‖f‖X≤1
f∗(t), t > 0,
and the continuity envelope function of X by
EXC (t) = sup
‖f‖X≤1
ω1(f, t)∞
t
, t ↓ 0,
for further details and discussion we refer to the above-mentioned literature and the
references given there. In view of the known envelope results (cf. [CaFa, CaM04b,
HarMou04, HarMou08]) and the sharp embeddings in Theorem 4.1, in particular
(4.4), one obtains for X = Lip
(α,−b)
p,q (Rd), 1 < p <∞, 0 < q ≤ ∞, b > 1q ,
EXG (t) ≍ t
α
d
− 1
p |log t|b− 1q , t ↓ 0, 0 < α < d
p
,
and
EXC (t) ≍ t−1+α−
d
p |log t|b− 1q , t ↓ 0, d
p
< α <
d
p
+ 1.
This extends the information about the unboundedness of functions in Lip
(α,−b)
p,q (Rd)
presented in Theorem 10.2, and the corresponding continuity result in Theorem 5.11.
It also shows that the interplay of all involved parameters influences both integra-
bility and smoothness properties.
10.2. Lack of optimal embeddings into Lebesgue spaces. The study of in-
tegrability properties of functions which satisfy additional smoothness assumptions
are of central interest in the theory of function spaces. For instance, it is well known
(see [SiTr]) that if 0 < s < d/p and s− d/p = −d/r then
Hsp(R
d) →֒ Lr0(Rd), p ≤ r0 ≤ r,
and if, in addition, 0 < q ≤ ∞ then
(10.3) Bsp,q(R
d) →֒ Lr(Rd) ⇐⇒ q ≤ r
and
Bsp,q(R
d) →֒ Lr0(Rd), p ≤ r0 < r.
In this section we focus on integrability properties of Lipschitz spaces. Surpris-
ingly enough, even that these spaces are very close to Sobolev and Besov spaces (cf.
(2.6), Theorems 4.1 and 4.4), our next result shows that they are never embedded
into the optimal Lebesgue space.
Theorem 10.4. Let 2dd+1 < p, r0 < ∞, 0 < α < d/p, α − d/p = −d/r, 0 < q ≤ ∞
and b > 1/q. Then,
Lip(α,−b)p,q (R
d) →֒ Lr0(Rd) ⇐⇒ p ≤ r0 < r.
The corresponding result for periodic spaces also holds true.
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Proof. Obviously, we have Lip
(α,−b)
p,q (Rd) →֒ Lp(Rd). Let r0 ∈ (p, r) and set α0 =
d/p− d/r0. According to (10.3),
Bα0p,r0(R
d) →֒ Lr0(Rd).
Further, it follows from (4.3) and (5.2) that
Lip(α,−b)p,q (R
d) →֒ Bα,−b+1/qp,max{2,p,q}(Rd) →֒ Bα0p,r0(Rd).
Therefore, Lip
(α,−b)
p,q (Rd) →֒ Lr0(Rd).
Next we prove the sharpness assertion r0 < r. Arguing by contradiction, suppose
that there exists r0 ≥ r such that
(10.4) Lip(α,−b)p,q (R
d) →֒ Lr0(Rd).
For any measurable function g on Rd, we let F0(t) = (g
∗(t))1/p and f(x) = f0(|x|)
where f0 is given by (8.7). Clearly, f ∈ ĜM
d
. By (10.4), Theorem 8.7 and (8.9), we
derive(∫ ∞
0
tdr0−d−1(g∗(t))r0/pdt
)1/r0
.
(∫ 1
0
tdp−d−1g∗(t) dt
)1/p
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
sαp+dp−dg∗(s)
ds
s
)q/p
dt
t
)1/q
.
Hence, the following inequality holds
(10.5)(∫ ∞
0
w(t)(g∗(t))r0/pdt
)p/r0
.
(∫ ∞
0
v(t)
(
1
U(t)
∫ t
0
u(s)g∗(s)ds
)q/p
dt
)p/q
with
w(t) = tdr0−d−1,
v(t) =
 t
dq−dq/p−1, 0 < t < 1,
tαq+dq−dq/p−1(1 + log t)−bq, t ≥ 1,
u(t) =
 t
dp−d−1, 0 < t < 1,
tαp+dp−d−1, t ≥ 1,
and U(t) =
∫ t
0 u(s)ds.
To show that r0 < r, we distinguish two possible cases. Firstly, assume q ≤ r0
and so, qp ≤ r0p . Note that r0p > 1 because p < r ≤ r0. Hence, (10.5) is a special case
of converse Hardy-type inequality, which has been characterized in [GoPi, Theorem
4.2(i)]. Namely,
Lemma 10.5. Let 0 < Q ≤ R < ∞ and 1 ≤ R < ∞. Let u, v, w be non-negative
measurable functions on [0,∞) and let U(t) = ∫ t0 u(s)ds, V (t) = ∫ t0 v(s)ds,W (t) =∫ t
0 w(s)ds. Assume that
(10.6)
∫ ∞
0
u(t)dt =∞,
∫ 1
0
v(t)
UQ(t)
dt =
∫ ∞
1
v(t)dt =∞,
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and
(10.7)
∫ ∞
0
v(s)
UQ(s) + UQ(t)
ds <∞, t > 0.
Then, the inequality(∫ ∞
0
w(t)(g∗(t))Rdt
)1/R
.
(∫ ∞
0
v(t)
(
1
U(t)
∫ t
0
u(s)g∗(s)ds
)Q
dt
)1/Q
holds for all measurable functions g if and only if
(10.8) sup
t>0
W (t)1/R(
V (t) + U(t)Q
∫∞
t U(s)
−Qv(s) ds
)1/Q <∞.
Let Q = q/p and R = r0/p. It is plain to check that (10.6) and (10.7) hold.
Hence, (10.5) implies that (10.8) holds. However, elementary estimates yield that
W (t)1/R(
V (t) + U(t)Q
∫∞
t U(s)
−Qv(s) ds
)1/Q ≍ tdp(1/r−1/r0)(1 + log t)(b−1/q)p, t > 1,
which blows up as t → ∞, because r0 ≥ r and b > 1/q. Thus, we conclude that
(10.4) is not valid.
Secondly, let r0 < q (and thus, 1 <
r0
p <
q
p). Note that the parameters in-
volved in (10.5) satisfy the assumptions of Lemma 9.3 with R = r/p and Q = q/p.
Accordingly, (9.19) holds. However, this is not true because∫ ∞
1
U(t)P supy≥t U(y)
−PW (y)P/R(
V (t) + U(t)Q
∫∞
t U(s)
−Qv(s)ds
)P
Q
+2
V (t)
∫ ∞
t
U(s)−Qv(s) ds d(UQ(t))
≍
∫ ∞
1
(1 + log t)
−1+
r0q
q−r0
(
b− 1
q
)
sup
y≥t
y
dr0
(
1
r
− 1
r0
)
q
q−r0
dt
t
&

∫∞
1 (1 + log t)
−1+
r0q
q−r0
(
b− 1
q
)
dt
t =∞, if r0 = r,
supt≥2 t
dr0
(
1
r
− 1
r0
)
q
q−r0 =∞, if r0 > r.
This leads us to a contradiction.
Finally, we show the sharpness assertion p ≤ r0. Suppose, on the contrary, that
there exists p > r0 such that
(10.9) Lip(α,−b)p,q (R
d) →֒ Lr0(Rd).
Let
F0(t) =

t−ε , 0 < t < 1,
t−α+d/p−d(1 + log t)−β , t ≥ 1,
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where −b + 1/p + 1/q < β < 1/p and d(1 − 1/r0) < ε < d(1 − 1/p) and define
f̂(ξ) = F0(|ξ|). By Theorem 8.7, we have
‖f‖
Lip
(α,−b)
p,q (Rd)
≍
(∫ 1
0
tdp−d−εp
dt
t
)1/p
+
(∫ ∞
1
(1 + log t)−bq
(∫ t
1
(1 + log u)−βp
du
u
)q/p
dt
t
)1/q
≍
(∫ 1
0
tdp−d−εp
dt
t
)1/p
+
(∫ ∞
1
(1 + log t)−bq−βq+q/p
dt
t
)1/q
<∞,
but, by (8.9),
‖f‖Lr0 (Rd) &
(∫ 1
0
tdr0−d−εr0
dt
t
)1/r0
=∞.
This contradicts (10.9). 
10.3. Embeddings into Lorentz-Zygmund spaces. In the next two sections we
work with periodic functions on Td.
In Theorem 10.4 we have shown that Lebesgue norms do not provide full infor-
mation on the integrability properties of Lipschitz functions, that is, if 0 < α < d/p
and α− d/p = −d/r then
Lip(α,−b)p,q (R
d) 6 →֒ Lr(Rd),
but only
(10.10) Lip(α,−b)p,q (R
d) →֒ Lr0(Rd), p ≤ r0 < r.
We overcome this obstruction considering the broader scale of Lorentz-Zygmund
spaces, which allow us to get sharp embedding results with r = r0 in (10.10) but
involving additional integrability properties with respect to the logarithmic scale.
We start by recalling the definition of Lorentz-Zygmund spaces.
For 1 ≤ p < ∞, 0 < q ≤ ∞ and −∞ < b < ∞, the Lorentz-Zygmund space
Lp,q(logL)b(T
d) is formed by all measurable functions f on Td such that
(10.11) ‖f‖Lp,q(logL)b(Td) =
( ∫ 1
0
(t1/p(1 + | log t|)bf∗(t))q dt
t
)1/q
<∞
(with the usual modification if q =∞). As usual, f∗ denotes the non-increasing re-
arrangement of f . Note that if p = q then we obtain the Zygmund space Lp(logL)b(T
d)
and if, in addition, b = 0 then we recover the Lebesgue space Lp(T
d). Setting b = 0
and p 6= q in Lp,q(logL)b(Td) we get the Lorentz space Lp,q(Td). For further infor-
mation on Lorentz-Zygmund spaces, the reader may consult [BR] and [EE].
Embeddings of Besov spaces into Lorentz and Lorentz-Zygmund spaces have
been extensively studied in the literature. We limit ourselves to quoting [CaM04b,
CD15a, DeRiSh, GurOp, HarSch, Ma, Ne, Tri01]. In particular, if 1 ≤ p < ∞, 0 <
s < d/p, s − d/p = −d/r, 0 < q ≤ ∞, and −∞ < b <∞, then
(10.12) Bs,bp,q(T
d) →֒ Lr,q(logL)b(Td)
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and its counterpart for the entire Euclidean space Rd also holds true. Furthermore,
this embedding is optimal within the scale of r.i. spaces. In particular,
(10.13) Bs,bp,q(T
d) →֒ Lr,q(logL)ξ(Td) ⇐⇒ ξ ≤ b.
Now we are ready to establish the analogue of (10.12) for Lipschitz spaces.
Theorem 10.6. Let 1 < p < ∞, 0 < α < d/p, α − d/p = −d/r, 0 < q ≤ ∞, and
b > 1/q. Then,
(10.14)
Lip(α,−b)p,q (T
d) →֒ Lr,q(logL)−b+1/max{p,q}(Td) ∩ Lr,max{p,q}(logL)−b+1/q(Td).
The corresponding result for function spaces on Rd also holds true.
Remark 10.7. Note that the target space in (10.14) is Lr,q(logL)−b+1/q(T
d) if q ≥
p. However, for q < p the spaces Lr,q(logL)−b+1/p(T
d) and Lr,p(logL)−b+1/q(T
d)
are not comparable. This easily follows by taking functions f and fN such that
f∗(t) = t−1/r(1+ | log t|)b−1/p−1/q(1+log(1+ | log t|))−ε, 1/p < ε < 1/q, and f∗N (t) =
χ(0,1/N)(t), N ∈ N.
Proof of Theorem 10.6. Let p < p1 <∞. In virtue of Theorem 4.4, we have
(10.15)
Lip(α,−b)p,q (T
d) →֒ Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (Td) ∩B
α+d(1/p1−1/p),−b+1/q
p1,max{p,q}
(Td).
On the other hand, by (10.12),
(10.16) Bα+d(1/p1−1/p),−b+1/max{p,q}p1,q (T
d) →֒ Lr,q(logL)−b+1/max{p,q}(Td)
and
(10.17) B
α+d(1/p1−1/p),−b+1/q
p1,max{p,q}
(Td) →֒ Lr,max{p,q}(logL)−b+1/q(Td).
The desired embedding (10.14) follows from (10.15)–(10.17).
For function spaces on Rd, the proof follows line by line the argument given
above. 
Next we prove the sharpness of Theorem 10.6.
Theorem 10.8. Let 1 < p <∞, 0 < α < 1/p, α−1/p = −1/r, 0 < q, u ≤ ∞, b > 1/q
and −∞ < ξ <∞. Then,
(10.18) Lip(α,−b)p,q (T) →֒ Lr,q(logL)−b+ξ(T) ⇐⇒ ξ ≤ 1/max{p, q},
(10.19) Lip(α,−b)p,q (T) →֒ Lr,u(logL)−b+1/q(T) ⇐⇒ u ≥ max{p, q}.
Proof. Assume that
(10.20) Lip(α,−b)p,q (T) →֒ Lr,q(logL)−b+ξ(T).
Consequently, given any θ ∈ (0, 1), we have
(10.21) (Lp(T),Lip
(α,−b)
p,q (T))θ,q →֒ (Lp(T), Lr,q(logL)−b+ξ(T))θ,q.
Using the well-known interpolation properties of Lorentz-Zygmund spaces (see, e.g.,
[GoOT, Lemma 5.5])
(Lp(T), Lr,q(logL)−b+ξ(T))θ,q = Lv,q(logL)θ(−b+ξ)(T),
1
v
=
1− θ
p
+
θ
r
,
64 O´SCAR DOMI´NGUEZ, DOROTHEE D. HAROSKE, AND SERGEY TIKHONOV
and the periodic counterpart of (9.27) (noting that the argument there can also be
applied in the periodic setting), that is,
(Lp(T),Lip
(α,−b)
p,q (T))θ,q = B
θα,θ(−b+1/q)
p,q (T),
we can rewrite (10.21) as
Bθα,θ(−b+1/q)p,q (T) →֒ Lv,q(logL)θ(−b+ξ)(T) with θα−
1
p
= −1
v
.
According to (10.13), we arrive at ξ ≤ 1/q. This shows (10.18) if q ≥ p.
Suppose now that q < p and there is ξ > 1/p such that (10.20) holds. Define the
function
f(x) =
∞∑
n=1
n−α−1+1/p(1 + log n)−ε cosnx, −b+ 1
p
+
1
q
< ε < −b+ ξ + 1
q
.
By Theorem 8.12,
‖f‖q
Lip
(α,−b)
p,q (T)
≍
∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
(1 + log k)−εp
1
k
)q/p
1
n
≍
∞∑
n=1
(1 + log n)−bq−εq+q/p
1
n
<∞.(10.22)
However, f 6∈ Lr,q(logL)−b+ξ(T). To show this we will make use of the following
result, which is a special case of the Hardy-Littlewood theorem for Fourier series
with general monotone coefficients in Lorentz-type spaces (see [?, Ti07, Vo]).
Lemma 10.9 (Hardy-Littlewood theorem for Fourier series with monotone
coefficients in Lorentz-Zygmund spaces). Let 1 < r < ∞, 0 < q < ∞, and
−∞ < b < ∞. Let {an}n∈N be a non-negative general monotone sequence. If
f(x) ∼∑∞n=1 an cosnx then
‖f‖Lr,q(logL)b(T) ≍
(
∞∑
n=1
nq−q/r−1(1 + log n)bqaqn
)1/q
.
The same result also holds true for f(x) ∼∑∞n=1 an sinnx.
It follows from Lemma 10.9 that
‖f‖qLr,q(logL)−b+ξ(T) ≍
∞∑
n=1
(1 + log n)(−b+ξ−ε)q
1
n
=∞,
which is not possible. Therefore, ξ ≤ 1/p. The proof of (10.18) is complete.
Next we show (10.19) by contradiction. Suppose first that p ≥ q and there exists
u < p such that
(10.23) Lip(α,−b)p,q (T) →֒ Lr,u(logL)−b+1/q(T).
Let
f(x) =
∞∑
n=1
n−α−1+1/p(1+ log n)−ε cosnx, −b+ 1
p
+
1
q
< ε < min
{1
p
,−b+ 1
u
+
1
q
}
.
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By (10.22), f ∈ Lip(α,−b)p,q (T) but, in virtue of Lemma 10.9, f 6∈ Lr,u(logL)−b+1/q(T)
since
‖f‖uLr,u(logL)−b+1/q(T) ≍
∞∑
n=1
(1 + log n)(−b+1/q−ε)u
1
n
=∞.
Assume now that p < q and (10.23) holds true for some u < q. By monotonicity of
Lorentz-Zygmund norms with respect to the second index (i.e., Lr,u0(logL)−b+1/q(T) →֒
Lr,u1(logL)−b+1/q(T), u0 < u1), we may assume that p < u < q. Define
w(t) =

0, 0 < t < 1,
tαu+u−u/p−1(1 + log t)(−b+1/q)u, t ≥ 1,
v(t) =
 t
q−q/p−1, 0 < t < 1,
tαq+q−q/p−1(1 + log t)−bq, t ≥ 1,
u(t) =
 t
p−2, 0 < t < 1,
tαp+p−2, t ≥ 1,
and U(t) =
∫ t
0 u(s)ds. Let g be any measurable function on R
d such that∫ ∞
0
v(t)
(
1
U(t)
∫ t
0
u(s)g∗(s)ds
)q/p
dt <∞.
In particular, we have
(10.24)
∞∑
n=1
(1 + log n)−bq
( n∑
k=1
kαp+p−2g∗(k)
)q/p 1
n
<∞
and g∗(n)→ 0. We let
f(x) =
∞∑
n=1
(g∗(n))1/p cosnx
and it follows from Theorem 8.12 and (10.24) that f ∈ Lip(α,−b)p,q (T). By assumption,
f ∈ Lr,u(logL)−b+1/q(T ) and applying Lemma 10.9, we get(∫ ∞
0
w(t)(g∗(t))u/pdt
)p/u
≍
( ∞∑
n=1
nu−u/r−1(1 + log n)(−b+1/q)u(g∗(n))u/p
)p/u
.
( ∞∑
n=1
(1 + log n)−bq
( n∑
k=1
kαp+p−2g∗(k)
)q/p 1
n
)p/q
.
(∫ ∞
0
v(t)
(
1
U(t)
∫ t
0
u(s)g∗(s)ds
)q/p
dt
)p/q
where we have used α−1/p = −1/r. Therefore, invoking Lemma 9.3 (with R = u/p
and Q = q/p) we arrive at the desired contradiction since straightforward computa-
tions show that (9.19) is not fulfilled. 
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10.4. Embeddings into rearrangement invariant spaces. In the previous sec-
tion we have investigated in detail embeddings of Lipschitz spaces into Lorentz-
Zygmund spaces. Recall that we have shown in Theorem 10.6 that if 1 < p <
∞, 0 < α < d/p, α − d/p = −d/r, 0 < q ≤ ∞ and b > 1/q then
(10.25)
Lip(α,−b)p,q (T
d) →֒ Lr,q(logL)−b+1/max{p,q}(Td) ∩ Lr,max{p,q}(logL)−b+1/q(Td).
Furthermore, these embeddings are optimal within the scale of Lorentz-Zygmund
spaces (cf. Theorem 10.8). However, we will see that they can be improved work-
ing with the more general framework of rearrangement invariant spaces. Before
proceeding further, let us introduce some notation.
For 1 ≤ p < ∞, 0 < q, r ≤ ∞ and −∞ < b < ∞, the space L(R)p,r,b,q(Td) is formed
by all measurable functions f on Td for which
(10.26) ‖f‖
L
(R)
p,r,b,q(T
d)
=
(∫ 1
0
(1− log t)br
(∫ 1
t
(u1/pf∗(u))q
du
u
)r/q
dt
t
)1/r
<∞
(with appropriate modifications if q = ∞ and/or r = ∞). The spaces L(R)p,r,b,q(Td)
with q = 1 were already investigated by Bennett and Rudnick [BR] and Pustylnik
[Pus] to establish optimal interpolation theorems. Moreover, the spaces L
(R)
p,r,b,q(T
d)
arise naturally in limiting interpolation/extrapolation theory [FiKa, EO] and they
are associate spaces of weighted Lorentz spaces [FiRaZi, GoPiSo]. Note that if
1 < p < ∞ then one can replace (up to equivalence) f∗ in (10.26) with its max-
imal function f∗∗(t) = 1t
∫ t
0 f
∗(u)du. To avoid trivial spaces, we assume that
b < −1/r (b ≤ 0 if r =∞).
In this section we show that the spaces L
(R)
p,r,b,q(T
d) provide the natural framework
to measure the growth properties of Lipschitz functions.
Theorem 10.10. Let 1 < p < ∞, 0 < α < d/p, α − d/p = −d/r, 0 < q ≤ ∞, and
b > 1/q. Then,
(10.27) Lip(α,−b)p,q (T
d) →֒ L(R)r,q,−b,p(Td).
Remark 10.11. The embedding (10.27) sharpens (10.25) because
(10.28) L
(R)
r,q,−b,p(T
d) →֒ Lr,q(logL)−b+1/max{p,q}(Td)∩Lr,max{p,q}(logL)−b+1/q(Td).
Furthermore, (10.27) and (10.25) coincide if q = p, that is,
(10.29) L
(R)
r,p,−b,p(T
d) = Lr,p(logL)−b+1/p(T
d),
but this is not true in general since
(10.30) L
(R)
r,q,−b,p(T
d) 6= Lr,q(logL)−b+1/q(Td), q > p.
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We start by showing (10.28). Assume first that q ≥ p. Then, by monotonicity
properties and changing the order of summation, we have
‖f‖Lr,q(logL)−b+1/q(Td) ≍
(
∞∑
k=0
2−kq/r(1 + k)(−b+1/q)q(f∗(2−k))q
)1/q
≍
(
∞∑
k=0
2−kq/r(f∗(2−k))q
∞∑
n=k
(1 + n)−bq
)1/q
≍
(
∞∑
n=0
(1 + n)−bq
n∑
k=0
2−kq/r(f∗(2−k))q
)1/q
.
 ∞∑
n=0
(1 + n)−bq
(
n∑
k=0
2−kp/r(f∗(2−k))p
)q/p1/q
≍ ‖f‖
L
(R)
r,q,−b,p(T
d)
.
Next we show (10.28) with q < p. Let β be such that −b+1/p < β < −1/q+1/p.
Applying Ho¨lder’s inequality∫ 1
t
(u1/r(1− log u)βf∗(u))q du
u
. (1− log t)βq+1−q/p
(∫ 1
t
(u1/rf∗(u))p
du
u
)q/p
and thus
‖f‖q
Lr,q(logL)−b+1/p(Td)
≍
∫ 1
0
(u1/r(1− log u)βf∗(u))q
∫ s
0
(1− log t)−bq−βq−1+q/pdt
t
du
u
.
∫ 1
0
(1− log t)−bq
(∫ 1
t
(u1/rf∗(u))p
du
u
)q/p
dt
t
= ‖f‖q
L
(R)
r,q,−b,p(T
d)
.
On the other hand, we can apply Minkowski’s inequality to get
‖f‖Lr,p(logL)−b+1/q(Td) ≍
(∫ 1
0
tp/r(f∗(t))p
(∫ t
0
(1− log u)−bq du
u
)p/q
dt
t
)1/p
≤
(∫ 1
0
(1− log u)−bq
(∫ 1
u
(t1/rf∗(t))p
dt
t
)q/p
du
u
)1/q
= ‖f‖
L
(R)
r,q,−b,p(T
d)
.
The formula (10.29) is an immediate consequence of Fubini’s theorem. To show
(10.30), consider f such that f∗(t) = t−1/r(1 − log t)−ε where −b + 2/q < ε <
−b+ 1/q + 1/p.
The proof of Theorem 10.10 will rely on the following characterization of L
(R)
r,q,−b,p(T
d)
as limiting interpolation spaces (see [EO, (8.27)]).
Lemma 10.12. Let 1 ≤ u < r < ∞, 0 < p, q ≤ ∞ and b > 1/q (b ≥ 0 if q = ∞).
Then,
(Lu(T
d), Lr,p(T
d))(1,−b),q = L
(R)
r,q,−b,p(T
d).
We are now ready to give the
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Proof of Theorem 10.10. In light of the Sobolev embedding theorem (see, e.g., [Har,
p. 120]),
Hαp (T
d) →֒ Lr,p(Td),
we derive
(10.31) (Lp(T
d),Hαp (T
d))(1,−b),q →֒ (Lp(Td), Lr,p(Td))(1,−b),q .
By (2.15), the space in the left-hand side is equal to Lip
(α,−b)
p,q (Td), while the right-
hand side space coincides with L
(R)
r,q,−b,p(T
d) (cf. Lemma 10.12). Therefore, (10.31)
can be rewritten as
Lip(α,−b)p,q (T
d) →֒ L(R)r,q,−b,p(Td).

Our next result gives the sharpness of Theorem 10.10.
Theorem 10.13. Let 1 < p < ∞, 0 < α < 1/p, α − 1/p = −1/r, 0 < q ≤ ∞ and
b > 1/q. Then,
‖f‖
Lip
(α,−b)
p,q (T)
≍ ‖f‖
L
(R)
r,q,−b,p(T)
for all f(x) ∼∑∞n=1(an cosnx+ bn sinnx) where {an}n∈N, {bn}n∈N are non-negative
general monotone sequences.
Proof. According to Theorem 8.12, we have
‖f‖
Lip
(α,−b)
p,q (T)
≍
 ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
kp−p/r−1(apk + b
p
k)
)q/p
1
n
1/q .
The proof is complete by applying the following
Lemma 10.14 (Hardy-Littlewood theorem for Fourier series with mono-
tone coefficients in L
(R)
p,r,b,q(T)). Let 1 < r < ∞, 0 < p, q ≤ ∞, and b > 1/q (b ≥
0 if q =∞). Let the Fourier series of f ∈ L1(T) be given by
f(x) ∼
∞∑
n=1
(an cosnx+ bn sinnx)
where {an}n∈N, {bn}n∈N are non-negative general monotone sequences. Then
‖f‖
L
(R)
r,q,−b,p(T)
≍
 ∞∑
n=1
(1 + log n)−bq
(
n∑
k=1
kp−p/r−1(apk + b
p
k)
)q/p
1
n
1/q .
The proof of Lemma 10.14 follows along the lines of the proof of the corresponding
result for Lebesgue norms (see (8.19)) given in [Ti07], so that we omit further details.

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